SEC. 2 THE HOMOTOPY LIFTING PROPERTY 65
pn(tl, AN ,tn, Z1,29, . . > st (ex(tl) N ,ex(t) 21,292, . . )

Let X = VX, and define p: X — X so that P Xn = pn. The components of
X are the spaces X, and the map p | X, = pn: X, — X is a covering projec-
tion. However, p is not a covering projection, because no open subset of X is
evenly covered by p.

For later purposes we should like to have the analogues of theorems 11
and 14, in which “component” is replaced by “path component.” For this we
need the following definition: a topological space is said to be locally path
connected if the path components of open subsets are open. The following
are easy consequences of this definition.

16 Any open subset of a locally path-connected space is itself locally path
connected. ®

17 A locally path-connected space is locally connected. =

18 In a locally path-connected space the components and path components
coincide. ®

19 A connected locally path-connected space is path connected. ®

From statements 17 and 18 we obtain the following extension of theorems
11 and 14.

20 taeoreM If X is locally path connected, a continuous map p: X — X
is a covering projection if and only if for each path component A of X

piplA:pTlA — A

is a covering projection. In this case, if A is any path component of X, then
p | A is a covering projection of A onto some path component of X. ®

2 THE HOMOTOPY LIFTING PROPERTY

The homotopy lifting property is dual to the homotopy extension property. It
leads to the concept of fibration, which is dual to that of cofibration intro-
duced in Sec. 1.4. In this section we define the concept of fibration and prove
that a covering projection is a special kind of fibration. This special class of
fibrations will be regarded as generalized covering projections, and our subse-
quent study of covering projections will be based on a study of the more gen-
eral concept. At the end of the chapter we return to the general considera-
tion of fibrations.

We begin with an important problem of algebraic topology, called the
lifting problem, which is dual to the extension problem. Let p: E — B and
f: X — B be maps. The lifting problem for f is to determine whether there is
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a continuous map f’: X — E such that f = p ° f'—that is, whether the dotted
arrow in the diagram

E

.
f

X —- B

corresponds to a continuous map making the diagram commutative. If there
is such a map f”, then f can be lifted to E, and we call " a lifting, or lift, of f.
In order that the lifting problem be a problem in the homotopy category, we
need an analogue of the homotopy extension property, called the homotopy
lifting property, defined as follows. A map p: E — B is said to have the
homotopy lifting property with respect to a space X if, given maps f: X — E
and F: X X I — B such that F(x,0) = pf’(x) for x € X, there is a map
F: X X I — E such that F'(x,0) = f'(x) forx € Xand p° F' = F. If " is re-
garded as a map of X X 0 to E, the existence of F" is equivalent to the
existence of a map represented by the dotted arrow that makes the following
diagram commutative:

xx0L E

A
lm /// lp

xxI15 B

If p: E — B has the homotopy lifting property with respect to X and
fo. fi: X — B are homotopic, it is easy to see that f, can be lifted to E if and
only if f; can be lifted to E. Hence, whether or not a map X — B can
be lifted to E is a property of the homotopy class of the map. Thus the homo-
topy lifting property implies that the lifting problem for maps X — B is
a problem in the homotopy category.

A map p: E — B is called a fibration (or Hurewicz fiber space in the lit-
erature) if p has the homotopy lifting property with respect to every space. E
is called the total space and B the base space of the fibration. For
b € B, p~1(b) is called the fiber over b.

If p: E — B is a fibration, any path w in B such that w(0) € p(E) can be
lifted to a path in E. In fact, w can be regarded as a homotopy w: P X I — B
where P is a one-point space, and a point ¢y € E such that p(eg) = »(0)
corresponds to a map f: P — E such that pf(P) = w(P,0). It follows from the
homotopy lifting property of p that there exists a path & in E such that
®(0) = ¢p and p ° @ = w. Then & is a lifting of w.

1 ExampPLE Let F be any space and let p: B X F — B be the projection
to the first factor. Then p is a fibration, and for any b € B the fiber over b is
homeomorphic to F.

To prove that a covering projection is a fibration, we first establish the
following unique-lifting property of covering projections for connected spaces.
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2 tHEOREM Let p: X — X be a covering projection and let f, g: Y — X be
liftings of the same map (thatis,p > f = p ° g). If Y is connected and f agrees
with g for some point of Y, then f = g.

prOOF Let Y; = {y € Y| fly) = g(y)}. We show that Y; is open in Y.
If y € Yy, let U be an open neighborhood of pf(y) evenly covered by p and
let U be an open subset of X containing f(y) such that p maps U homeomor-
phically onto U. Then f~1(0) N g=1(0) is an open subset of Y containing y
and contained in Y;.

Let Y2 = {y € Y| fly) # gly)}. We show that Y, is also open in Y (if X
were assumed to be Hausdorff, this would follow from a general property of
Hausdorff spaces). Let y € Y; and let U be an open neighborhood of pf(y)
evenly covered by p. Since f(y) # g(y), there are disjoint open subsets U; and
U, of X such that fly) € U; and g(y) € U, and p maps each of the sets
Uy and U; homeomorphically onto U. Then f~1(U;) N g=(Uz) is an open
subset of Y containing y and contained in Y.

Since Y = Y; U Y, and Y; and Y; are disjoint open sets, it follows from
the connectedness of Y that either Y{ = @ or Y; = V. By hypothesis,
Y14 Z,s0Y =Y andf=g =

We are now ready to prove that a covering projection has the homotopy
lifting property.

3 THEOREM A covering projection is a fibration.

PrOOF Let p: X — X be a covering projection and let f': Y — X and
F: Y X I — X be maps such that F(y,0) = pf'(y) for y € Y. We show that
for each y € Y there is an open neighborhood N, of y in Y and a map
Fy: Ny X I — X such that F(y',0) = f'(y') for y' € N, and pF, = F|N, X L
Assume that we have such neighborhoods N, and maps Fy. If y” € N, N Ny,
then Fy | y” X I and Fy | y” X I are maps of the connected space y” X I
into X such that for t ¢ I

pe(Fyly” X D(y"t) = Fly"t) =p° (Fy |y’ X D(y".t)

Because (Fy |y X D(y",0) = f'(y") = (Fy |y’ X D(y",0), it follows from
theorem 2 that F,|y” X I =F, |y’ X I Since this is true for all
y" € Ny 0 Ny, it follows that F,|(N, N Ny) X I = Fy| (N, N N,) X L
Hence there is a continuous map F: Y X I — X such that F/ [N, X I =F,
and F' is a lifting of F such that F(y,0) = f{(y) for y € Y. Thus we have
reduced the theorem to the construction of the open neighborhoods N, and
maps F.

It follows from the fact that p: X — X is a covering projection (and the
compactness of I) that for each y € Y there is an open neighborhood N, of
yand asequence 0 = to <ty << --+ < t,, = 1 of points of I such that for
i=1,...,m, F(Ny, X [ti_1,]) is contained in some open subset of X
evenly covered by p. We show that there is a map Fj: N, X I — X with the
desired properties. It suffices to define maps
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Gi: NyX[ti¥1,ti]~—>X i=1....,m
such that
peGi=F|N, X [ti_it]
Gi(y',0) = f( y €Ny
Gifl(y tz—l) et (y t1_1> y/ € N, ,i = 2, co.,m
because, given such maps'Gl, there is a map F: Ny X I — X such that
Fy | Ny X [ti-1,t:;] = Gifori = 1, ., m. Then Fj, has the desired properties.

The maps G; are defined by 1nduction on i. To define Gy, let U be an
open subset of X evenly covered by p such that F(N, X [to,t1]) C U. Let
{ U;} be a collection of disjoint open subsets of X such that p~1(U )=V U;
and p maps U; homeomorphically onto U for each j. Let V; = f'~1( ;). Then
{V;} is a collection of disjoint open sets covering N, and Gy is defined to be
the unique map such that for each j, Gy maps V; X [to.,t1] into U; to be a lift-
ing of F|V; X [to,t1]. This defines G1.

Assume G;_; defined for 1 << i < m. Let U’ be an open subset of
X evenly covered by p such that F(N, X [t;_1,t;]) C U’ Let { Ui} be a collec-
tion of disjoint open subsets of X such that p~1}(U’) = U U} and p maps Uj
homeomorphically onto U” for each k. Let Vi, = {y" € Ny | Gi_1(y',ti—1) € Uﬁc}.
Then {V}} is a collection of disjoint open sets covering Ny, and G; is defined
to be the unique map such that for each k, G; maps Vi X [¢;-1,:] into Ui to
be a lifting of F| Vi X [t;-1,t;]. This defines G;. =

A map p: E — B is said to have unique path lifting if, given paths w and
« in E such that p°w = p° o and »(0) = «’'(0), then w = w’. It follows
from theorem 2 that a covering projection has unique path lifting.

4 vLEMMA If a map has unique path lifting, it has the unique-lifting
property for path-connected spaces.

PROOF Assume that p: E — B has unique path lifting. Let Y be path connected
and suppose that f, g: Y — E are maps such that p ° f = p ° gand f(yo) = g(yo)
for some yo € Y. We must show f = g. Let y € Y and let « be a path in Y
from yo to y. Then f° w and g° w are paths in E that are liftings of the
same path in B and have the same origin. Because p has unique path lifting,
f° w = g° w Therefore

fly) = (few)l) =(g°w)(l) =gy =
The following theorem characterizes fibrations with unique path lifting.

3 THEOREM A fibration has unique path lifting if and only if every fiber
has no nonconstant paths.

PROOF Assume that p: E — B is a fibration with unique path lifting. Let w
be a path in the fiber p~1(b) and let ' be the constant path in p~1(b) such
that ’(0) = «(0). Then p ° w = p ° «’, which implies w = «’. Hence wis a
constant path.
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Conversely, assume that p: E — B is a fibration such that every fiber has
no nontrivial path and let w and «’ be paths in E such that p° w = p ° «’
and w(0) = «’(0). For ¢ € I, let w{’ be the path in E defined by

o [@((1 = 2¢)) 0<t <%
wi(F) = {w/((Qt’ — ) <t <1

Then w;’ is a path in E from w(t) to '(t), and p ° w} is a closed path in B that
is homotopic relative to I to the constant path at pw(t). By the homotopy lift-
ing property of p, there is a map F': I X I — E such that F'(#,0) = «;/(t') and
Fmaps 0 X I UI X 1 U1 X Ito the fiber p~1(pw(t)). Because p~1(pw(t))
has no nonconstant paths, F' maps 0 X I, I X 1, and 1 X I to a single point.
It follows that F'(0,0) = F'(1,0). Therefore w{(0) = wi'(1) and w(f) = '(f). =

We have seen that a covering projection is a fibration with unique path
lifting. It will be shown in Sec. 2.4 that if the base space satisfies some mild
hypotheses, any fibration with unique path lifting is a covering projection.
One reason for studying fibrations with unique path lifting as generalized
covering projections is that the following two theorems are easily proved, but
both are false for covering projections.

6 tHEOREM The composite of fibrations (with unique path lifting) is a
fibration (with unique path lifting). =

7 taeoreM The product of fibrations (with unique path lifting) is a
fibration (with unique path lifting). =

An example shows that theorem 6 is false for covering projections.

8 EexampLE Let X and X, for n > 1, be a countable product of 1-spheres.
Let X, = R* X X and define p,: X, — X, by
Pulte, o o o otn, 21,22, - . ) = (ex(ty), . . . .ex(ty), Z1,%2, . . )

Then p, is a covering projection for n > 1. It follows from theorem 2.1.11
that Vp,: VX, — VX, is a covering projection. Since VX, is the product
of X and the set of positive integers, there is a covering projection VX, — X
(see example 2.1.2). The composite

VX, - VX, X
is not a covering projection (cf. example 2.1.15).
Similarly, theorem 7 is false for covering projections.

9 ExampLe For n > 1, let py: X, — X, be the covering projection
ex: R — S, Then

Xpn: X Xy — XX,
is not a covering projection.

It follows from theorem 6 that there is a category whose objects are
topological spaces and whose morphisms are fibrations with unique path
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lifting. We shall now describe a category, depending on a given base space, which
is of more use in studying covering projections or fibrations. For a given space
X there is a category whose objects are maps p: X — X, which are fibrations
with unique path lifting, and whose morphisms are commutative triangles

X Lox,

pl\ /1)2
X

If p;: X; — X is an indexed family of objects in this category, let p: V X; — X
be the map such that p | X; = p;. Then p is also an object in the category and
is the sum of the collection {p;} in the category.

To show that this category also has products, given maps p;: X; — X, let

X = {(x) € X X;| pj(xj) = py(xy) for all f, '}

and define p: X — X by p((x))) = pj(x;). If each p; is a fibration, so is p, and
if each p; has unique path lifting, so does p. Hence p is a product of {p;} in
the category of fibrations with unique path lifting. This map p is called the
fibered product of the maps {p;}. We consider it in more detail in Sec. 2.8.

There is a similar category whose objects are covering projections with
base space X and whose morphisms are commutative triangles. This category
has finite sums and finite products, but neither arbitrary sums nor arbitrary
products. In fact, for each n let

P RP X SUX ST X - =5 ST SLx -

be defined by pa(ts, . . . .te, 21,22, . . ) = (€27, L L €2, 2y, 79, . L),
as in example 8. Then the collection {p,} has neither a sum nor a product in
the category of covering projections with base space X.

3 RELATIONS WITH THE FUNDAMENTAL GROUP

In a fibration with unique path lifting the fundamental group of the total
space is isomorphic to a subgroup of the fundamental group of the base
space. The corresponding subgroup of the fundamental group will lead to a
classification of fibrations with unique path lifting. In fact, we shall see in the
next section that the fundamental group functor solves the lifting problem for
fibrations with unique path lifting. The present section is devoted to consid-
eration of the relation between the fundamental groups of the total space and
the base space of a fibration with unique path lifting.

We begin with a localization property for fibrations which is an analogue
of theorem 2.1.14.
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1 LEmMMA Let p: E — B be a fibration. If A is any path component of E,
then pA is a path component of B and p | A: A — pA is a fibration.

PROOF Since pA is the continuous image of a path-connected space, it
is path connected. It is a maximal path-connected subset of B, for if w is a path
in B that begins in pA, there is a lifting & of w that begins in A. Since A
is a path component of E, & is a path in A. Therefore w = p ° @ is a path in
pA. Hence pA is a maximal path-connected subset of B and, by theorem
1.7.9, a path component of B.

To show that p|A: A — pA has the homotopy lifting property, let
fY-—>Aand F: Y X I — pA be maps such that F(y,0) = pf'(y). Because p
is a fibration, there is a map F: Y X I — E such that p° F' = F and
F(y,0) = f'(y). For any y € Y, F' must map y X [ into the path component
of E containing F'(y,0). Therefore F'(y X I) CAforally,and F: Y X I -» A
is a lifting of I such that F'(y,0) = f'(y). =

For locally path-connected spaces we have the following analogue of
theorem 2.1.20, which reduces the study of fibrations to the study of fibra-
tions with total space and base space path connected.

2 THEOREM Let p: E — B be a map. If E is locally path connected, p is
a fibration if and only if for each path component A of E, pA is a path com-
ponent of B and p| A: A — pA is a fibration.

prRoOF If p: E — B is a fibration and A is a path component of E, it follows
from lemma 1 that pA is a path component of B and p|A: A — pA is
a fibration.

To prove the converse, let f: Y — E and F: Y X I — B be such that
F(y,0) = f'(y). Let {A;} be the path components of E. Then {A;} are disjoint
open subsets of E. Let V; = f~1(A;). The collection {V;} is a disjoint open cov-
ering of Y. Therefore, to construct a map F': Y X I - Esuchthatp° F' = F
and F'(y,0) = f’(y), it suffices to construct maps Fj: V; X I — E for all j such
that p o F; = F| V; X I and Fy(y,0) = f'(y,0).

Because F(y X I) is contained in the path component of B containing
F(y,0) = pf’(y), it follows from the fact that pA; is a path component of B
that F(V; X I) C pA; for all j. Because p | Aj: A; — pA; is a fibration, there is
a map Fj: V; X I — A; such that pFj = F|V; X I and Fj(y,0) = f'(y) for
y € V;. Therefore p has the homotopy lifting property. =

Since every path in a topological space lies in some path component of
the space, it is clear that theorem 2 remains valid if the term “fibration” is
replaced throughout by “fibration with unique path lifting.”

The main result on fibrations with unique path lifting is embodied in the
following statement.

3 wemma Let p: X — X be a fibration with unique path lifting. If © and
' are paths in X such that ©(0) = w'(0) and p ° w ~ p ° &/, then w ~ .
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PROOF Let F: I X I — X be a homotopy relative to [ from p ° w to p ° o’
[that is, F(t,0) = pw(t) and F(t,1) = pw'(t), and F(0,t) = pw(0) and F(1,t) =
pw(1l)]. By the homotopy lifting property of fibrations, there is a map
F': I X I — X such that F'(t,0) = «(t) and p ° F' = F. Then F'(0 X I) and
F'(1 X I) are contained in p~(pw(0)) and p~pw(l)), respectively. By
theorem 2.2.5, F'(0 X I) and F'(1 X I) are single points. Hence F' is a homo-
topy relatlve to I from « to some path »” such that «w”(0) = w(0) and
pew’ =pew. Since w'(0) = «(0), it follows from the unique-path-lifting
property of p that 0’ = w” and F: & ~ ' rel I. =

It follows from lemma 3 that if p: X — X is a fibration with unique path
lifting, then for any two objects %, and %; in the fundamental groupoid of X,
p# maps hom (%o,X;) injectively into hom (p(%),p(%1)). In particular, if
%o = #1, we obtain the following theorem.

4 TtHEOREM Let p: X — X be a fibration with unique path lifting. For
any %y € X the homomorphism.

Pz '77(55,550) — 7T<X,3C0>
is a monomorphism. =

This last result provides the basis for the reduction of problems concern-
ing fibrations with unique path lifting to problems about the fundamental
group. In order that the fundamental group be really representative of the
space in question, we assume that the spaces involved are path connected. It
follows from theorem 2 that this is no loss of generality for locally path-
connected spaces.

3 1emma Let p: X — X be a fibration with unique path llftmg and
assume that X is a nonempty path-connected space. If %y, %1 € X, there is a
path w in X from p(Zo) to p(%1) such that

pam(X.%0) = hppym(X,2y)

Conversely, given a path w in X from p(%o) to x1, there is a point #; € p~1(x1)
such that

hrapsm(X,21) = pyn(X.30)
PrOOF  For the first part, let @ be a path in X from %, to ;. Then 7(X,%) =
hyzm(X.%1). Therefore
pam(X%0) = hipeapsm(X.71)
and so p ° @ will do as the path from p(%o) to p(%1).
Conversely, given a path w in X from p(%p) to
such that &(0) = % and p& = w. If ¥ = &(1), then
hipsm(X21) = pulhiamn(X%1) = pyn(X%) =

This easily implies the following result.

0 x1, let & be a path in X
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6 THEOREM Let p: X — X be a fibration with unique path lifting and
assume that X is a nonempty path-connected space. For xo € pX the collec-
tion {pum(X,%o) | %o € p~1(x0)} is a conjugacy class in m(X,xo). If w is a path
in pX from xo to x,, then hy,; maps the conjugacy class in w(X,x,) to the con-
fugacy class in m(X,xp). ®

Let p: X — X be a fibration and let  be a path in X beginning at xo.
Define a map F,: p~1(xo) X I — X by F,(%,t) = «(t) and let i: p~1(xo) C X.
Then pi(%) = F,(%0) for ¥ € p~1(%). It follows from the homotopy lifting
property of p that there exists a map G,: p~i(xo) X I — X such that
G, (%0) =iX) = xandp° G, = F,.

Suppose now that p has unique path lifting. We prove that the map
%> G,(%1) of p~i(xo) to p~1(w(1)) depends only on the path class of w.
If o ~w and Gj: p~i(xg) X [ — X is a map such that G(%0) = & and
p° G, = F,, then for any & € p~1(xo), let @ and &' be the paths in X defined
by &(t) = G,(%,t) and &'(t) = G (%¢). Then & and &’ begin at & and

p°c’b:w:w’:p°&3

It follows from lemma 3 that @ ~ &'. Then G,(%,1) = G/«(%,1) for every
X € p~(xo). Therefore there is a well-defined continuous map

ey pHw(0)) = p (1))
defined by fi.,(%) = G.(,1), where G, is as above. It is clear that if (1) =
@'(0), then frupwt = fion © fron

7 tHEOREM Let p: X — X be a fibration with unique path lifting. There
is a contravariant functor from the fundamental groupoid of X to the cate-
gory of topological spaces and maps which assigns to x € X the fiber over x
and to [w] the function f,). =

The fact that fi,) is a homeomorphism for every [w] leads to the follow-
ing corollary.

8 coroLLarY If p: X — X is a fibration with unique path lifting and X
is path connected, then any two fibers are homeomorphic. =

If X is path connected and p: X — X is a fibration with unique path lift-
ing, the number of sheets of p (or the multiplicity of p) is defined to be the
cardinal number of p~1(x) (which is independent of x € X, by corollary 8).
For a path-connected total space, the multiplicity is determined by the con-
jugacy class as follows.

9 tHEOREM Let p: X — X be a fibration with unique path lifting and
assume X and X to be nonempty path-connected spaces. If %o € X, the mul-
tiplicity of p is the index of pum(X, %) in m(X,p(%o)).

PROOF By theorem 7, 7(X,p(%o)) acts as a group of transformations on the right

on p~Y(p(%o)) by % [w] = fu(%) for € p~Y(p(%o)). If &1, %2 € p~L(p(%0)), let
@ be a path in X from %; to ;. Then [p ° @] € m(X,p(%o)) and % © [p&] =
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Therefore 7(X,p(%o)) acts transitively on p~2(p(%o)). The isotropy group of %o
[that is, the subgroup of 7(X,p(%,)) leaving % fixed] is clearly equal to pxm(X,%o).
From general considerations! there is a bijection between the set of right
cosets of pym(X,%) in m(X,p(%o)) and p~(p(%)). =

10 exampLE For n > 2 the covering p: S* — P of example 2.1.5 has
multiplicity 2. Because S" is simply connected, 7(P") =~ Z, for n > 2.

A fibration p: X — X with unique path lifting is said to be regular
if, given any closed path w in X, either every lifting of w is closed or none is
closed.

11 taeoreEM Let p: X — X be a fibration with unique path lifting. p is
regular if and only if pum(X, %) = pan(X,%1) whenever p(Zo) = p(&1).

PROOF  Assume that p is regular and let @ be a closed path in X at %. Then @is a
closed lifting of p&. Therefore there is a closed lifting @&; of p@ at %. It fol-
lows that pu[@] = [p&] = pu[@1]. Therefore p.m(X,%y) C pum(X,%1). Since the
roles of %y and #; can be interchanged, it follows that p#w(f,fo) = p#w(x,il).

Conversely, if p#w(f(,io) = p#w(X,il) whenever p(%o) = p(%1), let w be a
closed path in X at p(%o) having a closed lifting & at %,. Then

[w] = pul®] € p#w(f(,io) = p#'rr(x,icl)
Therefore there is a closed path &; in X at %; such that pd; ~w If @lisa

lifting of w such that ®1(0) = %i, then by the unique-path-lifting property of
p, ® = &}. Therefore @] is a closed lifting of w at #; and p is regular.

In case X is a nonempty path-connected space, theorems 6 and 11 give
the following result.

12 tHeorEM Let p: X — X be a fibration with unique path lifting and
assume that X is a nonempty path-connected space. Then p is regular if and
only if for some %y € Xo, p#w(i,fo) is a normal subgroup of 7(X,p(%o)). ™

4 THE LIFTING PROBLEM

In this section we show that the fundamental group functor solves the lifting
problem for fibrations with unique path lifting. As a consequence of this, the
fundamental group functor provides a classification of covering projections,
which is discussed in the next section.

Our first result is that any map of a contractible space to the base space
of a fibration can be lifted.

1  LeEmMmA Let p: E — B be a fibration. Any map of a contractible space
to B whose image is contained in p(E) can be lifted to E.

! Whenever a group G acts transitively on the right on a set S there is induced a bijection
between the set of right cosets of the isotropy group (of any s € S) in G and the set S.
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PROOF Let Y be contractible and let f: Y — B be a map such that f{Y) C p(E).
Because Y is contractible, f is homotopic to a constant map of Y to some
point of f{Y). f(Y) C p(E), so this constant map can be lifted to E. The
homotopy lifting property then implies that f can be lifted to E. =

Because we use the fundamental group functor, it will prove technically
simpler to consider the lifting problem for spaces with base points.

2 1emma Let p: (X,%) — (X,x0) be a fibration with unique path lifting.
If yo is a strong deformation retract of Y, any map (Y,yo) — (X,xo) can be
lifted to a map (Y,yo) — (X,%o).

PROOF Let f: (Y,yo) — (X,x0) be a map. f is homotopic relative to yg to the
constant map Y — xo. The constant map can be lifted to the constant map
Y — #. By the homotopy lifting property, f can be lifted to a map f: ¥ — X
such that f" is homotopic to the constant map Y — %, by a homotopy which
maps yo X I to p~{xo). Because p~1(xp) has no nonconstant path by theorem
2.2.5,f/(y0) = Xp. ™

We shall apply lemma 2 to a contractible space in order to lift certain
quotient spaces of the contractible space. The usual way to represent a
space as the quotient space of a contractible space is to show it is a quotient
space of its path space. Given yo € Y, the path space P(Y,yo) is the space of
continuous maps w: (I,0) — (Y,yo) topologized by the compact-open topology.
There is a function ¢: P(Y,yo) — Y defined by ¢(w) = w(1). If U is an open
setin Y,

o Y U) = (LU = {w € PV,yo) |w(1) € U}
is an open set in P(Y,y,). Therefore ¢ is continuous.

3 1Emma The constant path at y is a strong deformation retract of the
path space P(Y,yo).

PROOF A strong deformation retraction F: P(Y,yo) X I — P(Y,yo) to the con-
stant path at y, is defined by

Flof)t) = o(l — ) w € PYyo)it, ¢ €1 m

We have shown that ¢ is a continuous map of the contractible path space
P(Y,yo) to Y. If Y is path connected, ¢ is clearly surjective. If Y is also locally
path connected, the following theorem shows that ¢ is a quotient projection.

4 THEOREM A connected locally path-connected space Y is the quotient
space of its path space P(Y,yo) by the map o.

PROOF  We know that ¢ is continuous, and because a connected locally path-
connected space is path connected, it is surjective. To complete the proof it suf-
fices to show that ¢ is an open map. Let w € P( Yyo)andlet W = N 1 (K;;Up)
be a neighborhood of w, where K; is compact in I and Uj is ope_niin Y. We
enumerate the K’s so that for some 0 < k<n, 1 €Ky N ... N K, and
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1 ¢ Kgi1 U+ UK, Because (1) € Uy N --. N Uy, there is a path-
connected neighborhood V of w(1l) contained in U; N ... N U Choose
0 <t <1suchthat [t'1}] N (Kgy1 U -+ U Kpy) = @ and w([t,1]}) C V.

To prove that (W) D V, which completes the proof, let 4y’ € V and let
w’ be a path in V from w(t') to y'. Define @: I — Y by

w(t) 0<t<t

(:J(t) = ’
d«"t) ¢t <t<l

1—-v
Fori > k, &(K;) = w(K;) C U,. Fori <k,
O(K;) = &Ky N [0,t']) U o(K; N {t,1]) C w(K;) U (1) C U; UV =T
Therefore & € W and ¢(®) = y'. Hence (W) D V. =

We can put these results together to obtain the following result, called
the lifting theorem.

3 THEOREM Let p: (X,a'co) — (X,x0) be a fibration with unique path lift-
ing. Let Y be a connected locally path-connected space. A necessary and
sufficient condition that a map f: (Y,yo) — (X,x0) have a lifting (Y,yo) — (X, %)
is that in 7(X,xo)

fam(Yyo) C pym(X.%o)
proor If f': (Y,yo) — (X,%) is a lifting of f, then f = p ° f” and

fer(Yyo) = puf &m(Y.y0) C pym(X,%o)
which shows that the condition is necessary.

We now prove that the condition is sufficient. It follows from lemmas 3
and 2 that if wo is the constant path at yo, the composite

(P(Ygo), wo) 5> (Vo) D> (Xx0)

can be lifted to a map f: (P(Y,yo), wo) — (X,%). We show that if fam(Y,yo) C
pxm(X.%o) and if w, ' € P(Y,yo) are such that ¢p(w) = ¢(«’), then flw) = flo).
Let @ and & be the paths in P(Y,yo) from wp to w an~d o', respectively,
defined by &(¢)(t') = w(tt') and &'(t)(t') = «'(##’). Then f° @ and f° & are
paths in X from %, to f(w) and f(w’), respectively, such that
pefed=fogpead=fcw and pefed =f°u

Because w * w'~1is a closed path in Y at yo and fam(Yyo) C p#w(f,io), there
is a closed path & in X at % such that (f° w) * (f° )1 ~ p o @ Then

po(fed)=feoxpea)*(fow)=p°(@*(fa)
By lemma 2.3.3, fe®~a#(foa). In particular, the endpoint of fea,
which is f(w), equals the endpoint of f ° &’, which is f{w’).
It follows that there is a function f': (Y,yo) — (X,%) such that f' * ¢ = ,
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and using theorem 4, we see that f”is continuous. Because
pefero=pof=f-o

and ¢ is surjective, p ° f' = f. Therefore f’ is a lifting of f. =

Let p: E — B be a fibration. A section of p is a map s: B — E such that
p s = lg (thus a section is a right inverse of p). It follows easily from the
homotopy lifting property that there is a section of p if and only if [p] has a
right inverse in the homotopy category. Because a section is a lifting of the
identity map B C B, the following is an immediate consequence of theorem 5.

6 coroLLarY Let p: (X,%) — (X,x0) be a fibration with unique path lift-
ing. If X is a connected locally path-connected space, there is a section
(X,x0) — (X,%0) of p if and only if pum(X,%o) = 7(X,xo). ®

7 coroLLARY Let p: X — X be a fibration with unique path lifting. If X
is a nonempty path-connected space and X is connected and locally path
connected, then p is a homeomorphism if and only if for some %, € X,
pam(R30) = 7(X,p(%0)).

PrOOF If p is a homeomorphism, pum(X,%o) = 7(X,p(%o)). Conversely, if
pem(X, %) = 7(X,p(%o)), then by theorem 2.3.9, p is a bijection. By corollary 6,
it has a continuous right inverse. Therefore p is a homeomorphism. =

If p: X — X is a covering projection and X is path connected, a neces-
sary and sufficient condition that p be a homeomorphism is that pym(X,%) =
7(X,p(%o)) for some %, € X. This condition on the fundamental groups implies
that p is a bijection, and by lemmas 2.1.8 and 2.1.7, p is open; hence for cov-
ering projections corollary 7 is valid without the assumption that X be locally
path connected. This is definitely false for fibrations with unique path lifting
if X is not locally path connected, because p need not be open. The following
example shows this.

8 EexampLE Let X be the subspace of R2 defined to be the union of the
four sets

Ay ={(xy)|x=0 -2<y<1)
Az = {(xy) [0 <x <1,y = —2)
As = {(xy)|x =1 -2 <y <0}
As = {(xy) |0 <x <1,y = sin 27/x)

illustrated in the diagram
0,1)

(0,—2) 4, (1,—2)
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Let X be the half-open interval [0,4) and define p: X — X to map [0,1] linearly
onto Ay, [1,2] linearly onto Ay, [2,3] linearly onto A3, and [3,4) homeomor-
phically onto A4 by the map ¢ — (¢t — 3, sin(27/(¢t — 3))). Then X and X are
path connected and p: X — X is a fibration with unique path lifting. However,
p is not a homeomorphism, although X and X are both simply connected.

For locally path-connected spaces the lifting theorem provides the fol-
lowing criterion for determining whether an open path-connected subset of
the base space is evenly covered by a fibration.

9 vremma Let p: X — X be a fibration with unique path lifting. Assume
that X and X are locally path connected and let U be an open connected sub-
set of X. Then U is evenly covered by p if and only if every lifting to X of a
closed path in U is a closed path.

PrROOF If U is evenly covered by p and & is a path in p~}(U), then & is a
path in some component U of p~1(U). By lemma 2.1.12, p maps U homeo-
morphically onto U. Therefore, if p ° @ is a closed path in U, & is a closed
path in U. Hence the condition is necessary.

It is also sufficient, because if xo € U and %, € p~!(x¢), the hypothesis
that every lifting of a closed path in U at xq is a closed path in X implies that
in 7(X,xo)

ixm(U,xg) C p#w()?,ico) where i: (U,xg) C (X,x0)

By theorem 5, there is a lifting iéoz (Uxg) — (X,a“co) of i. The collection
{iz,(U) | %o € p~(x0)} consists of path-connected sets which, by lemma 2.2.4,
are disjoint. We show that their union equals p=}(U). If & € p~}(U), let w be
a path in U from p(%) to xo and let & be a lifting of w such that &(0) = %. Then
@(1) € p~(xo), and therefore @ is a path in i%)(U). Hence % € i%)(U) and
{iz,(U) | o € p~(x0)} is a partition of p~1(U) into path-connected sets. Since
p~Y(U) is open and X is locally path connected, iz,(U) is open in X for each
%o € p~Y(xg). Clearly, p is a homeomorphism of iz (U) onto U for each
%o € p~Yxo), and U is evenly covered by p. =

A space X is said to be semilocally 1-connected if every point xo € X has
a neighborhood N such that 7(N,xo) — 7(X,xo) is trivial.

10 taEOREM Every fibration with unique path lifting whose base space is
locally path connected and semilocally 1-connected and whose total space is
locally path connected is a covering projection.

PROOF It follows from lemma 9 and the definition of semilocally 1-connected
space that each point of the base space has an open neighborhood evenly
covered by the fibration. =
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5 THE CLASSIFICATION OF COVERING PROJECTIONS

This section contains a classification of covering projections over a connected
locally path-connected base space. It is based on the lifting theorem and re-
duces the problem of equivalence of covering projections to conjugacy of
their corresponding subgroups of the fundamental group of the base space.
A large part of the section is devoted to constructing a covering projection
corresponding to a given subgroup of the fundamental group of the base
space.

Let X be a connected space. The category of connected covering spaces
of X has objects which are covering projections p: X — X, where X is
connected, and morphisms which are commutative triangles

5 L%
Px\ /PZ
by

If X is locally path connected and p: X — X is an object of this category,
then, by lemma 2.1.8, p is a local homeomorphism and X is also locally path
connected. We show that in this case every morphism in this category is a
covering projection.

I temma In the category of connected covering spaces of a connected
locally path-connected space every morphism is itself a covering projection.

proOF Consider a commutative triangle
~ f ~
X1 —> X2
Pl\ /PZ
X

where p; and p; are covering projections and X is locally path connected. It
follows from corollary 2.1.13 that f is a covering projection if it is surjective.

Because X, is connected and locally path connected, it is path connected.
Let #; € X; and % € X; be arbitrary and let &, be a path in X, from f(%1)
to X;. Because p; is a fibration, there is a path &; in X; beginning at %; such
thatpy ° @; = p ° @;. By the unique path lifting of ps, f ° &; = @,. Therefore

f&1(1)) = @2(1) = %,
proving that fis surjective. =

The next result determines when there is a morphism from one object to
another in the category of connected covering spaces of X.

2 THEOREM Let py: Xy —» X and p2: Xo — X be objects in the category
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of connected covering spaces of a connected locally path-connected space X.
The following are equivalent:

(a) There is a covering projection f: Xy — X, such that py ° f = p1.

(b) Forall %, € Xy and %3 € X, such that p1(%1) = pa(F2), pl#w(f(l,ﬁ) is
conjugate in m(X,p1(%1)) to a subgroup of peum(Xo,%y).

(c) There exist % € Xy and % € X, such that pi(%1) = p2(%2) and

pl#w(xl,il) is conjugate in m(X,p1(%1)) to a subgroup of pg#w(f(z,fZ).

PROOF (a) = (b) Given f: X; — X5 such that py o f = py, if % € X; and
%, € X, are such that pi(%;) = pa(%2), then

pram(Xe,E1) = pog ° fam(X,81) C pagm(Xaf(31))
Because f{(%1) and % lie in the same fiber of po: X, — X, it follows from
theorem 2.3.6 that paum(Xo,f(%1)) and po.m(Xs,%2) are conjugate in m(X,p1(%1)).

(b) => (¢) The proof is trivial.

(¢) = (a) Assume that %; € X; and %, € X are such that p1(%E1) = pa(%2)
and that pl#w()-(l,il) is conjugate in 7(X,p1(%;)) to a subgroup of pg#w(xg,iz).
By theorem 2.3.6, there is a point & € X, such that ps(%) = p2(%2) and such
that pl#WOzl,fl) - pz#W(XQ,ijg)

Because X; is a connected locally path-connected space, the lifting theorem
implies the existence of a map f: (X1,%1) — (Xz,%%) such that pz o f =p;. ®

3 cororLLarYy Two objects in the category of connected covering spaces
of a connected locally path-connected space X are equivalent if and only if
their fundamental groups (at some two points over the same point of X) map
to conjugate subgroups of the fundamental group of X (at this point). =

We give two examples.

4 Because every nontrivial subgroup of #(S§') =~ Z is infinite cyclic, by
corollary 3 every connected covering space X — S! is equivalent to
ex: R — S or to the map S! — S! sending z to z” for some positive integer n.

3 Forn > 2, w(P") = Z,, and every connected covering space X—>Pris
equivalent to the double covering §* — P" or to the trivial covering P C P~

A universal covering space of a connected space X is an object p: X — X
of the category of connected covering spaces of X such that for any object
p’s X' — X of this category there is a morphism

XL x
N\ /P
X
in the category. It can be shown (see the paragraph following theorem 13 below)
that a universal covering space is a regular covering space. The next result follows
from this, theorem 2 and corollary 3.

6 coroLLaRY Two universal covering spaces of a connected locally path-
connected space are equivalent. ®
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Another result also follows from theorem 2.

7 coroLLARY A simply connected covering space of a connected locally
path-connected space X is a universal covering space of X. ™

Having reduced the comparison of connected covering spaces of X to a
comparison of their corresponding subgroups of the fundamental group of X,
we shall determine which subgroups of the fundamental group correspond
to covering spaces. This necessitates the construction of covering spaces. Let
X be a space and let A be an open covering of X. If xy € X, let 7(U,xo) be
the subgroup of 7(X,xo) generated by homotopy classes of closed paths having
a representative of the form (w * w’) * w™1, where ' is a closed path lying in
some element of U and w is a path from xg to «’(0). The following statements
are easily verified.

8 If Vis an open covering of X that refines AL, then m(V,xg) C 7(AUxg). =
9 7(Uxg) is a normal subgroup of m(X,x;). ™
10 If wis a path in X, then hi m(U,0(1)) = 7(W,w(0)). =

The connection of the groups #(Uxo) with covering projections is
explained by the following result.

11 Lemma Let p: X — X be a covering projection and let QL be a covering
of X by open sets each evenly covered by p. For any % € X

7(Ap(%o)) C ppm(X,%o)

proo¥ If o’ isa closed path lying in some element of @, then, by lemma 2.4.9,
any lifting of &’ is a closed path in X. Hence any path of the form (o * ') * w™1,
where ' is a closed path lying in some element of @, can be lifted to
a closed path [namely, to (@ * @) * @1, where & and &’ are suitable liftings
of w and w’, respectively]. Hence any element of 7(L,p(%)) has a representa-
tive which can be lifted to a closed path at %;. =

The following theorem characterizes those fibrations with unique path
lifting which are covering projections.

12 tHEoREM Let p: X — X be a fibration with unique path lifting, where
X and X are connected locally path-connected spaces. Then p is a covering
projection if and only if there is an open covering U of X and a point %, € X
such that

m(AUp(%o) C pgm(X,%o)

prOOF If p is a covering projection, the desired result follows from lemma 11.
Conversely, if there is such an open covering 9L and point %, € X, it follows
from statements 9 and 10 that for any point %y € X, m(Up(h)) C pum(X,x0).
Using lemma 2.4.9, it follows that every element of @ is evenly covered

byp. =
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Lemma 11 gives a necessary condition for a subgroup of #(X,xo) to
correspond to a covering space. The next result proves that this necessary
condition is also sufficient.

13 taEOREM Let X be a connected locally path-connected space and let
xo € X. Let H be a subgroup of n(X,xo) and assume that there is an open cov-
ering A of X such that =(Uxg) C H. Then there is a covering projection
p: (X,%0) — (X,x0) such that pum(X,%) = H.

PROOF Suppose such a covering projection exists, and suppose, moreover,
that the space X is path connected. The projection ¢: (P(X,xo),wo) —> (X,x0)
of the path space of (X,xo) can then be lifted to a map ¢’: (P(X,xo),wo) — (X,%0),
which is surjective. If w and ’ are elements of P(X,xg), then ¢'(w) = ¢'(«')
if and only if p(w) = @(w’) and [w * &' ~1] € pum(X,%o) = H. Therefore, for
path connected X there is a one-to-one correspondence between the points of
X and equivalence classes of P(X,xo) identifying « with ' if (1) = «'(1)
and [w* w71} € H (the group properties of H imply that this is an
equivalence relation). Hence it is natural to try to construct X by suitably
topologizing these equivalence classes of P(X,xo). We could start with the
compact-open topology on P(X,xo) and use the quotient topology on the set
of equivalence classes, but it seems no simpler than merely topologizing the
set of equivalence classes directly, as is done below.

We consider the set of all paths in X beginning at xo. If @ and w" are two
such paths, set w ~ @’ if w(1) = w’(1) and [w * w'~1] € H. This is an equivalence
relation, and the equivalence class of & will be denoted by (w). Let X be the
set of equivalence classes. There is a function p: X — X such that p({w)) =
w(1). If Uis an open subset of X and w is a path beginning at x, and ending
in U, (w,U) will denote the subset of X consisting of all the equivalence
classes having a representative of the form w * «’, where ' is a path in U
beginning at «(1).

We prove that the collection {{w,U)} is a base for a topology on X. If
(@'Y € {w,U), then v’ ~ w * ' for some path " lying in U. If & is any path
in U beginning at ’(1), then

W E~(0EW)ED~w* (0 Q)

showing that (w’,U) C (w,U). Since @ ~ w’ * o1, {w) € {(w’,U). The same
argument shows that (w,U) C (w’,U), and so (w,U) = («’,U). Therefore, if
W’ € {w,U) N (U, then (w”, UN UY C {w,Uy N (’,U’Y, and so the
collection {(w,U)} is a base for a topology on X.

Let X be topologized by the topology having {(w,U)} as a base. Then p
is continuous; for if p({w)) € U, then p({w,U)) C U. p is also open, because
p({w,U)) clearly equals the path component of U containing «(1), and this is
open because X is locally path connected.

Let A be an open covering of X such that 7(Uxo) C H and let V be an
open path-connected subset of X contained in some element of AU. We show
that Vis evenly covered by p, which will imply that p is a covering projection.
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If (w) € p7Y(V), then (w,V) C p=1(V). The sets {{w,V) [{w)y € p~LV)}
are open and their union equals p~Y(V). If (w,V) N (&', V) # 3, let
(") €<, V) N (', V). Then (w”,V) = (w,V) and (", VY = (', V).
Hence the sets {{w,V) |{(w) € p7}(V)} are either identical or disjoint. To
prove that Vis evenly covered by p, it suffices to show that p maps each set
(w,V) bijectively to V (because p has already been shown to be continuous
and open). If x € V, let o’ be a path in V from w(1) to x. Then (w * &'y € (w,V)
and p({w * &')) = x, showing that p is surjective. Assume p{w * wy) =
p{w * wz). Then wi(1) = wz(1), s0 (w * w1) * (w * wy)"1 is a closed path in X
at xg. Also, [(w * w1) * (w0 * wy) 1] =[(w * (w1 * wp71)) * w™1]

Since wy * wy™! is a path in V and V is contained in some element of U,
[(w=* (w1 * we™)) * w 1] € 7(W,xg) C H. Therefore o * w; ~w * w; and
{w *w1) = (w * wy), showing that p is injective.

We have shown that p: X — X is a covering projection. Let 5 = (wo),
where wg is the constant path in X at xo. It remains only to verify that
psm(X,%) = H. For this we need an explicit expression for the lift of a path
in X that begins at xo. Let w be a path in X beginning at xo, and for ¢ € I, de-
fine a path w; in X beginning at xo by wy(#) = w(tt'). Let &: [ — X be defined
by &(f) = (w;). We prove that & is continuous. If &(f) € (w’,U), then
p&(to) = w(ty) € U and (', Uy = (w,U). Let N be any open interval in [
containing ty such that w(N) C U. If ¢ € N, then w; ~ wy, * w;, s, Where
Wi, t(t) = w(to + ¢(t — to)). Therefore, for t € N

B(t) = (wp) = (Wi, * wro,) € (Wi, U) = (’,U)
and so @ is continuous. Furthermore, p&(t) = w;(1) = w(t). Hence & is a lift
of w beginning at &(0) = %o and ending at &(1) = (w).

If [w] € H, then w ~ wo and {(w) = Xy. Therefore the lift @ of w con-
structed above is a closed path in X at %, proving that H C p#w(f,io). On
the other hand, if & is a closed path in X at % and p& = w, let & be
the path in X constructed above. Since & is a lift of w beginning at %o,
it follows from the unique path lifting of p that & = &'. Therefore &(1) =
@ (1) = %o. Since (1) = (w), w ~ wo, showing that pum(X,%) C H. =
Note that if p: X — X is a universal covering space it is a regular covering.
In fact, if £ € X and % is a covering of X by open sets evenly covered by p
than by 25.11  m(%p(%)) C p,m(X, %) C m(X, p(%0))
By 2.~5.13 there exists a connected covering g: (Y,§) = (X,p(£) such that
a4 (Y, §) = m( % p(%o)). Since p: X — X is universal there is a map f:X - Ysuch
that gf = p. By 2.5.2, p#w()f,fo) is conjugate in m(X,p(%o)) to a subgroup
of (% p(%). By 2.5.9, 7( % p(&,) is normal so we must have pm(X, £o) C
(% p(%o) and so p,m(X, %o) = m( % p(%o)) is normal.

A space X is semilocally 1-connected (defined in Sec. 2.4) if and only if

there is an open covering QU of X such that #(?xy) = 0. Hence we have the

following result.

14 coroLLARY A connected locally path-connected space X has a simply
connected covering space if and only if X is semilocally 1-connected. =
From corollaries 14 and 6 and theorem 2 we obtain the next result.

15 coroLLARY Any universal covering space of a connected locally path-

connected semilocally 1-connected space is simply connected. ®
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Not every connected locally path-connected space has a universal cover-
ing space. We give two examples.

16 An infinite product of 1-spheres has no universal covering space.

17 Let X be the subspace of R2 equal to the union of the circumferences of
circles C,, with n > 1, where C, has center at (1/n, 0) and radius 1/n. Then
X is connected and locally path connected but has no universal covering
space.

It is possible for a connected locally path-connected space to have a uni-
versal covering space that is not simply connected. We present an example.

18 exampLE Let Y; be the cone with base X equal to the space of example 17
[Y; can be visualized as the set of line segments in R3 joining the points of X to
the point (0,0,1)] and let y; be the point at which all the circles of X are tan-
gent. Let (Y2,y2) be another copy of (Y1,y1). Let Z = Y; V Yo. Then Z
is connected and locally path connected but not simply connected (cf. exercise
1.G.7, a closed path oscillating back and forth from Y; to Y, around the
decreasing circles C, is not null homotopic). However, Y; and Y, are each closed
contractible subsets of Z. By the lifting theorem, each of them can be lifted
to any covering space of Z, so that y4 is lifted arbitrarily and ys is lifted arbitrar-
ily. Therefore any covering projection with base Z has a section. It follows
that any connected covering space of Z is homeomorphic to Z.

In the category of fibrations with unique path lifting over a fixed path-
connected base space (and with path-connected total spaces) there is always
a universal object (that is, an object which has morphisms to any other object
in the category). We sketch a proof of this fact. Let X be a path-connected
space and let X(X) be the collection of topological spaces whose underlying
sets are cartesian products of X and the set of right cosets of some subgroup
of the fundamental group of X. It follows from theorem 2.3.9 that any fibra-
tion whose base space is X and total space is path connected is equivalent to
a fibration X — X, where X € %(X). Since %(X) is a set, those fibrations
X — X with unique path lifting, where X is a path-connected space in %(X),
constitute a set. We may form the fibered product of this set (as in Sec. 2.2).
Any path component of this fibered product is then the desired universal fibration
with unique path lifting.

If X is a connected locally path-connected space, it follows from theorem 13
that for any open covering 9 of X there is a path-connected covering space
of X whose fundamental group is isomorphic to 7(?,xo). This implies that if X
is a universal object in the category of path-connected fibrations over X with
unique path lifting, then w(f(,ico) is isomorphic to a subgroup of M, 7(Axg).
In particular, if My m(U,x0) = 0, then X has a simply connected fibratio.: with
unique path lifting that is a universal object in the category. Thus the spaces
in examples 16 and 17 both have universal fibrations with unique path lifting
that are simply connected. The space Z of example 18 is its own universal
fibration with unique path lifting.
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6 COVERING TRANSFORMATIONS

In this section we consider a problem inverse to the one of the last section, in
which we constructed covering projections with given base space; we ask for
covering projections with given covering space. On any regular covering
space we prove that there is a group of covering transformations. The cover-
ing projection is then equivalent to the projection of the covering space onto
the space of orbits of the group of covering transformations.

Let p: X — X be a fibration with unique path lifting. It is clear that
there is a group of self-equivalences of this fibration (a self-equivalence is a
homeomorphism f: X — X such that p ° f = p). We denote this group by

G(X| X). In case p: X — X is a covering projection, G(X | X) is also called the
group of covering transformations of p. In general, there is a close analogy of
G(X | X) with the group of automorphisms of an extension field leaving a
subfield pointwise fixed.

If X is path connected, it follows from lemma 2.2.4 that two self-
equivalences of p: X — X that agree at one point are identical. Hence we
have the following lemma.

1 1Emma Let p: X — X be a fibration with unique path lifting. If X is
path connected and %, € X, then the function f— f(%o) is an injection of
G(X | X) into the fiber of p over p(%,). ™

Theorem 2.3.9 established a bijection from the set of right cosets of
psm(X,%o) in 7(X,p(%0)) to the fiber of p over p(%;). Combining the inverse of
this bijection with the function of lemma 1 yields an injection ¥ from G(X | X)
to the set of right cosets of p.m(X,%o) in m(X,p(%o)). ¥ is defined explicitly as
follows. For any f € G(X | X) let & be a path in X from %, to f(%,). Then p ° & is
a closed path in X at p(%o), and the right coset (pm(X,%)) [p ° @] is independ-
ent of the choice of &. The function y assigns to f this right coset.

Given % € X, let N(p,m(X,%)) be the normalizer of pm(X,%) in 7(X,p(Zo)).
Thus N(p.m(X,%)) is the subgroup of m(X,p(%o)) consisting of elements
[w] € m(X,p(%o)) such that p.m(X,%) is invariant under conjugation by [w].

N(pym(X %)) is the largest subgroup of #(X, p(%o)) containing p.7(X,%o) as a
normal subgroup.

2 tuEOREM Let p: X — X be a fibration with unique path lifting. Let X
be path connected and let % € X. Then { is a monomorphism of G(X | X) to
the quotient group N(pym(X,%0))/pam(X,%o). If X is also locally path connected,
Y is an isomorphism.

PROOF We already know that ¢ is an injection. We show that ¢ is a function
from G(X | X) to the set of right cosets of pm(X,%o) by elements of N(p.m(X,%)).
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If @ is a path in X from % to f(%o), there is a commutative square

m(X o) <L m(X flzo))

m(X,p(E)) < m(Xplko)
Since f: (X,%0) — (X,f(%0)) is a homeomorphism,
fam(X.%0) = m(X,f(%0))
and since pufy = pa,

hipaip (X %) = Ripeayp g [ m(X o) = hipoiyp (X f (%))
=pgham(Xf (%) = pupm(Xf (i)

Hence [p ° @] € N(pum(X,%)). Because y(f) is equal to the right coset
(p#W(X %o)) [p ° @], ¥ is an injection of G(X | X) into the set of right cosets of
pam(X,%) by elements of N(p.m(X,%)).

We now verify that y is an homomorphism. If fi, f> € G(X | X) let &; and
@2 be paths in X from %, to fi(%o) and f3(%o), respectively. Then f; °
is a path from fi(%o) to fifa(%o), and & * (f1 ° &@,) is a path from % to f1f2(xo>.
Therefore ( f1f2) is the right coset

(pem(XZ0)[(p ° @1) * (p © f1 ° @2)] = (pam(XZo))p © @1 * [p © @2)

and this equals Y( fi)y/( f2).

Finally, we show that if Xis locally path connected, v is an epimorphism
to the set of right cosets of pym(X,%) in N(pum(X,%)). Assume that [w] €
7(X,p(%o)) belongs to N(pym(X,%o)). Let & be a lifting of w ending at %, and
let # = @(0). Then

pum(X,%0) = hia(pam(X.%0) = palhiam(X 7o) = pan(X,5)
Because X is connected and locally path connected, the lifting theorem
implies the existence of maps f: (X,%) — (X,#) and g: (X,%) — (X,%o) such
thatp ° f = p and p ° g = p. From the unique-lifting property (lemma 2.2.4),

it follows that f° g = 1f and ge° f = 13 Therefore f € G(X|X) and (f)
equals the right coset (pym(X,%o))[w] 1. =

Combining theorem 2 with theorem 2.3.12, we have the following
corollary.

3 coroLLarYy Let p: X — X be a fibration with unique path lifting. If X
is connected and locally path connected and %, € X, then p is regular if and
only if G(X | X) is transitive on each fiber of p, in which case

¥ GX|X) = 7(X,p(%o))/pam(X,%o) ™
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If X is simply connected, any fibration p: X — X is regular, and we also
have the next result.

4 coroLLarY Let p: X — X be a fibration with unique path lifting,
where X is simply connected, locally path connected, and nonempty. Then
the group of self-equivalences of p is isomorphic to the fundamental group of
X =

If p: X — X is a regular covering projection and X is connected and
locally path connected, then X is homeomorphic to the space of orbits of
G(X | X) (an orbit of a group of transformations G acting on a set S is
an equivalence class of S with respect to the equivalence relation s; ~ sy if
there is g € G such that gs; = s3). We are interested in the converse problem
—that is, in knowing what conditions on a group G of homeomorphisms of a
topological space Y will ensure that the projection of Y onto the space of
orbits Y/G is a regular covering projection whose group of covering trans-
formations is equal to G.

A group G of homeomorphisms of a topological space Y is said to be dis-
continuous if the orbits of G in Y are discrete subsets of Y. G is properly
discontinuous if for y € Y there is an open neighborhood U of y in Y such
that if g, g’ € G and gU meets g'U, then g = g’. G acts without fixed points
it the only element of G having fixed points is the identity element. The
following are clear.

5 A properly discontinuous group of homeomorphisms is discontinuous
and acts without fixed points. =

6 A finite group of homeomorphisms acting without fixed points on a
Hausdorff space is properly discontinuous. =

If G is the group of covering transformations of a covering projection,
then a simple verification shows that G is properly discontinuous. We now
show that any properly discontinuous group of homeomorphisms defines a
covering projection.

7 THEOREM Let G be a properly discontinuous group of homeomorphisms
of a space Y. Then the projection of Y to the orbit space Y/G is a covering
projection. If Y is connected, this covering projection is regular and G is its
group of covering transformations.

PROOF Let p: Y — Y/G be the projection. Then p is continuous. It is
an open map, for if U is an open set in Y, then p~1(p(U)) = U {gU| g € G}
is open in Y, and therefore pU is open in Y/G. Let U be an open subset of Y
such that whenever gU meets g'U, then g = g’. We show that p(U) is evenly
covered by p. The hypothesis on U ensures that {gU | g € G} is a disjoint col-
lection of open sets whose union is p~L(p(U)). It suffices to prove that p | gU
is a bijection from gU to p(U). If y € U, then p(gy) = p(y), so p(gU) = p(U).
If p(gy1) = p(gyz), with yi1, yo € U, there is g’ € G such that gy, = g'gys.
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Therefore gU meets g'gU, and g = g'g. Hence g’ = 1y and gy; = gyz. We
have proved that p is a homeomorphism of gU onto p(U). Since G is properly
discontinuous, the sets p(U) evenly covered by p constitute an open covering
of Y/G.

Because p(gy) = p(y), we see that G is contained in the group of
covering transformations of p. Since G is transitive on the fibers of p, it
follows from theorem 2.2.2 that if Y is connected, G equals the group of cov-
ering transformations. Since the group of covering transformations is transi-
tive on each fiber, the ccvering projection is regular. =

8 coroLLARY Let G be a properly discontinuous group of homeomorphisms
of a simply connected space Y. Then the fundamental group of the orbit
space Y/G is isomorphic to G.

PROOF By theorem 7, G is the group of covering transformations of the reg-
ular covering projection p: Y — Y/G. By theorem 2, ¢ is a monomorphism of
G into the fundamental group of Y/G. Because G is transitive on the fibers of
p, ¥ is an isomorphism. =

9 EexamPLE Let $3 = {(20,21) € C2| |20|2 + |71]?> = 1} and let p and g be
relatively prime integers. Define h: S3 — S3 by

h’<Z0=Z1> = <62Wi/pZ0,62W‘1i/Pz1)

Then h is a homeomorphism of $3 with period p (that is, h#» = 1), and Z, acts
on S3 by
(20,21) = h™(20,21)

where n denotes the residue class of the integer n modulo p. In this way Z,
acts without fixed points on S3. The orbit space of this action of Z, on S3 is
called a lens space and is denoted by L(p,q). By statement 6 and corollary 8,
the fundamental group of L(p,q) is isomorphic to Z,,.

10 exampLE Let $2"*1 = {(20,21, . . . ,2;) € C**1| 2|2 = 1} and let
g1, - . . ,qn be integers relatively prime to p. Define h: §2n+1 — §2n+1 by
h(z0,21, . . . Zn) = (€27V/Pzg,€27i01 Dz, . . . @27ity/Pz)

Then, as in example 9, h determines an action of Z, on $27*1 without fixed
points; the orbit space is called a generalized lens space and is denoted by
L(p,q1, . . . ,qn). Its fundamental group is isomorphic to Z,.

It is possible to use theorem 7 to show that the projection Y — Y/G is
a regular fibration with unique path lifting even when it may not be a cover-
ing projection. Note that if G acts on Y without fixed points, so does any sub-
group of G, and if G’ is a normal subgroup of Y, then G/G’ acts without fixed
points on Y/G'.

11l tHEOREM Let G be a group of homeomorphisms acting without fixed
points on a path-connected space Y and assume that there is a decreasing
sequence of subgroups
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G=Gy DG D DGO GCGpp1D -+
such that

(@) NG, = {1y}

(b) Gpyi1is a normal subgroup of G,, forn > 0

(¢) Gn/Gnyy is a properly discontinuous group of homeomorphisms on

Y/Gny1 and the projection Y — Y /G, is a closed map for n > 0

(d) Any orbit of Y under G,, for n > 0 is compact

Then the projection p: Y — Y/G is a regular fibration with unique path
lifting whose group of self-equivalences is G.

PROOF Since Y/Gy, = (Y/Gpy1)/(Gn/Grin), it follows from (¢) and theorem
7 that the projection

Pn+1: Y/G,H_l —> Y/Gn
is a regular covering projection for n > 0. Let

Y = {(4a) € X (Y/Gp) | Pus1(Yns1) = yn for n > 0}

and define p: Y — Y/G by p((y.)) = yo. It is easy to verify that p is a fibra-
tion with unique path lifting (it is the fibered product of the maps
{pre - °pi}).

For n > 0 there is a continuous closed projection map ¢,: Y — Y/G,
such that p,i1 ° Qi1 = @n. Therefore there is a continuous closed map
@: Y — Y defined by ¢(y) = (¢.(y)) and such that p ° ¢ = p. To prove that ¢
is a homeomorphism, it suffices to show that it is a bijection. If ¢(y) = ¢(y’),
then for n > O there is g, € G, such that y = g,y’. Then gy’ = g,y for all
m and n, and because G acts without fixed points, g, = g, for all m and n.
Therefore g, € Gp, for all m, and by (a), g» = 1y. It follows that y = ¢/, and
hence that ¢ is injective.

If (yn) € 17, then @, 'y, is an orbit of Y under G,. By (d), ¢, 1y, is
compact. Since

Pn Yy = qjﬁilp;ﬁ%lyn D prtiyni
the collection {g, 1y,} consists of compact sets having the finite-intersection
property. Therefore M @, 'y, %= . If y € N @, 1y, then @(y) = (ya),
showing that ¢ is surjective.
We have shown that ¢: Y — Yisa homeomorphism. Therefore P Y—-Y/G
is a fibration with unique path lifting. Since each element of G is a self-
equivalence of p, the group of self-equivalences of p is transitive on each

fiber. By corollary 3, p is a regular fibration and G is the group of self-
equivalences of p. =

7 FIBER BUNDLES

A covering space is locally the product of its base space and a discrete space.
This is generalized by the concept of fiber bundle, defined in this section,
because the total space of a fiber bundle is locally the product of its base



90 COVERING SPACES AND FIBRATIONS CHAP. 2

space and its fiber. The main result is that the bundle projection of a fiber
bundle is a fibration.!

A fiber bundle ¢ = (E,B,F,p) consists of a total space E, a base space B,
a fiber F, and a bundle projection p: E — B such that there exists an open
covering {U} of B and, for each U € {U}, a homeomorphism ¢y: U X F —
p~1(U) such that the composite

Ux F 2 pyuy Lo

is the projection to the first factor. Thus the bundle projection p: E — B and
the projection B X F — B are locally equivalent. The fiber over b € B is de-
fined to equal p~1(b), and we note that F is homeomorphic to p~1(b) for every
b € B. Usually there is also given a structure group G for the bundle consisting
of homeomorphisms of F, and we define this concept next.

Let G be a group of homeomorphisms of F. Given a space F’ and a col-
lection ® = {¢)} of homeomorphisms ¢: F — F’, define ¢g: F — F for ¢ € @
and g € G by pg(y) = ¢(gy) for y € F. The collection ® is called a G struc-
ture on F” if

(a) Given ¢ € ® and g € G, then pg € ©
(b) Given @1, @2 € @, there is g € G such that ¢; = @ag

Condition (@) implies that G acts on the right on @, and condition (b) implies
that this action of G is transitive on @. A fiber bundle (E,B,F,p) is said to have
structure group G if each fiber p~1(b) has a G structure ®(b) such that there
exists an open covering {U} of B and, for each U € {U}, a homeomorphism
¢ov: U X F— p~{(U) such that for b € U, the map F — p~(b) sending x to
@u(b,x) is in ®(b). It is clear that a given fiber bundle can always be given the
structure of a fiber bundle with structure group the group of all homeomor-
phisms of F. It is also clear that a given fiber bundle can sometimes be given
the structure of a fiber bundle with two different structure groups of homeo-
morphisms of F.

An n-plane bundle, or real vector bundle, is a fiber bundle whose fiber is
R and whose structure group is the general linear group GL(R"), which con-
sists of all linear automorphisms of R®. A complex n-plane bundle, or complex
vector bundle, is a fiber bundle whose fiber is C* and whose structure group
is GL(C™).

We give some examples.

1 For spaces B and F the product bundle is the fiber bundle (B X F, B, F, p),
where p: B X F — B is projection to the first factor (it has the trivial group
as structure group).

2 Given that p: X - X is a covering projection and X is a connected and
locally path connected space, if 1, € X, then (X,X,p"X(x),p) is a fiber bundle
(and if X is path connected, it can be given the structure of a fiber bundle with

1 For the general theory of fiber bundles see N. E. Steenrod, The Topology of Fibre Bundles,
Princeton University Press, Princeton, N.]J., 1951.
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structure group 7(X,x), where m(X,x,) acts on p~L(xo) by [w]£ = £[w]™!, with the
right-hand side as in the proof of theorem 2.3.9).

3 Given that M is a differentiable n-manifold and T(M) is the set of all tan-
gent vectors to M, there is a fiber bundle (T(M ),M,R",p), where p: TM) — M
assigns to each tangent vector its origin. This is called the tangent bundle
and is denoted by (M ). Because it can be given the structure group GL(R"),
it is an n-plane bundle, and if M is a complex manifold of complex dimension
m, then 7(M) is a complex m-plane bundle.

4  Given that H is a closed subgroup of a Lie group G and that G/H is the
quotient space of left cosets and p: G — G/H the projection, then (G,G/H,H,p)
is a fiber bundle (having structure group H acting on itself by left translation).

5 Represent S” as the union of closed hemispheres E” and E’} with inter-
section S~ 1 and let G be a group of homeomorphisms of a space F. Given a
map ¢: S*~1 — G such that the map §"~1 X F — F sending (x,y) to @(x)y is
continuous, let E, be the space obtained from (E™ X F)v (E1 X F) by identi-
fying (x,y) € EX X F with (x,@(x)y) € E} X Fforx € S""* and y € F. These
identifications are compatible with the projections E* X F— E® and
E" X F — E%. Therefore there is a map p,: E, — S" such that each of the
composites

EQXF—>EQ,—&>S" and E:&xFQE@_’iggn

is projection to the first factor. Then (E,,S%F,p,) is a fiber bundle (having
structure group G) which is said to be defined by the characteristic map o.

6 Let P,(C) be the n-dimensional complex projective space coordinatized
by homogeneous coordinates. If 2z, z1, . . . , 2, € C are not all zero, let
(20,21, - - - ,2n] € Po(C) be that point of P,(C) having homogeneous coordi-
nates zo, z1, . . . , 2. Regard $27*1 as the set {(z0,21, . . . ,24) € C*T1|
2 |z;]?2 = 1} and define p: $271 — P,(C) by p(20,%1, - - - »Zn) = [20,715 - - - »Zu)-
If U; C P,(C) is the subset of points having a nonzero ith homogeneous
coordinate, it is easy to see that p~1(U;) is homeomorphic to U; X Si. There-
fore there is a fiber bundle (S27*1,P,(C),S1,p) (having structure group S! acting
on itself by left translation), and this is called the Hopf bundle.

7 If Q is the division ring of quaternions, there is a similar map
p: $4"*3 — P,(Q) and a quaternionic Hopf bundle (S4"*+3,P,(Q),$3,p) (having
structure group $3 acting on itself by left translation).

The structure group will not be important for our purposes. Thus we
define an n-sphere bundle to be a fiber bundle whose fiber is S* [usually it is
also required that it have as structure group the orthogonal group O(n + 1) of
all isometries in GL(R**1)]. If £ is an n-sphere bundle, we shall denote its
total space by E;. The mapping cylinder of the bundle projection E; — B is
the total space E; of a fiber bundle (E;,B,E"*1,p,), where p,: E; — B is the re-
traction of the mapping cylinder to B (and p; | E;: E, — B is the original
bundle projection).
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If £ = (E,B,R**1,p) is an (n + 1)-plane bundle having structure group
0(n + 1), it is possible to introduce a norm in each fiber p~1(b). The subset
E’ C E of all elements in E having unit norm is the total space of an n-sphere
bundle (E', B, §*, p | E’) called the unit n-sphere bundle of §. If the base space
B of an (n + 1)-plane bundle is a paracompact Hausdorff space, the bundle
can always be given O(n + 1) as structure group. In particular, there is a unit
tangent bundle of a paracompact differentiable manifold.

Two fiber bundles (E¢,B,F,p{) and (E;,B,F,p;) with the same fiber and
same base are said to be equivalent if there is a homeomorphism h: E; — E;
such that ps ° h = py. If they both have structure group G, they are equiva-
lent over G if there is a homeomorphism h as above, with the additional
property that if ¢ € D4(b), then h° ¢ € ®y(b) for b € B. A fiber bundle is
said to be trivial if it is equivalent to the product bundle of example 1 (or,
equivalently, if it can be given the trivial group as structure group).

In view of example 2, fiber bundles are related to covering spaces in
much the same way that fibrations are related to fibrations with unique path
lifting. The rest of this section is devoted to a proof of the fact that in a fiber
bundle (E,B,F,p) whose base space B is a paracompact Hausdorfl space the
map p is a fibration.

A map p: E — B is called a local fibration if there is an open covering
{U} of Bsuch that p |p~Y(U): p~1(U) — U is a fibration for every U € {U}.
It is clear that a fibration is a local fibration! and that any bundle projection
is a local fibration.

Given a map p: E — B, we define a subspace BCEx B! by

B = {(e,w) € E X B!| w(0) = ple)}

There is a map p: E! — B defined by p(@) = (&(0), p° @) for @ [ — E.
A lifting function for p is a map

\: B — EI

which is a right inverse of p. Thus a lifting function assigns to each point
e € E and path w in B starting at p(e) a path Ale,w) in E starting at e that is a
lift of w. The relation between lifting functions and fibrations is contained in
the following theorem.

8 THEOREM A map p: E — B is a fibration if and only if there exists a
lifting function for p.

prooF The proof involvgs repeated use of theorem 2.8 in the Introduction.
If p is a fibration, let f": B— E and F: B X I — B be defined by f'(e,w) = ¢

1 Our proof of the converse for paracompact Hausdorff spaces B can be found in W. Hurewicz,
On the concept of fibre space, Proceedings of the National Academy of Sciences, U.S.A., vol.
41, pp. 956-961 (1955). Another proof can be found in W. Huebsch, On the covering homo-
topy theorem, Annals of Mathematics, vol. 61, pp. 555-563 (1955). Generalizations and
related questions are treated in A. Dold, Partitions of unity in the theory of fibrations, Annals
of Mathematics, vol. 78, pp. 223-255 (1963).
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and F((e,w), t}) = w(t). Then
F((e,w), 0) = w(0) = ple) = (p° f)e.w)
By the homotopy lifting property of p, there is a map F: B X [ — E such
that F/{(e,w), 0) = f'(e,w) = e and p ° I’ = F. F’ defines a lifting function A
for p by Ae,w)(t) = F/((e,w), t).
Conversely, if A is a lifting function for p,let f': X — Eand F: X X > B
be such that F(x,0) = pf’(x). Let g X — B! be defined by g(x)(t) = F(x,1).
There is a map F: X X I — E such that F/(x,t) = A(f/(x).g(x))(t). Because
F(x,0) = f(x) and p > F’ = F, p has the homotopy lifting property. =
Let p: E— B and let W be a subset of B. Let W be defined by
W = {(e0) €E X W X I | wls) = ple)}
An extended lifting function over W is a map
A: W EI
such that p(A(e,w,8)(t)) = «(t) and Afe,w,s)(s) = e. Thus an extended lifting
function is a function which lifts paths to paths that pass through a given
point of E at a given parameter value. It is reasonable to expect the following

relation between the existence of lifting functions and extended lifting
functions.

9 1emMma A map p: E — B has a lifting function if and only if there is
an extended lifting function over B

proOF If A is an extended lifting function over B/, a lifting function A for p is
defined by Ale,w) = Ale,w,0).

To prove the converse, given a path w in B, let ws and w* be the paths in
B defined by

_fe(s =1 0<t<s
ws(t)_[w(O) s<t<l
s [l + 1) 0<t<l —5
“(t>—{w(1> 1-s<t<l1

The maps (w,s) > ws and (w,s) — w* are continuous maps B! X I — BL
Given a lifting function A: B — EI for p, we define an extended lifting func-
tion A over B! by

}\(e,ws)(s - t> 0
Ae,ws)(t) = {}\(e,ws)(t —s) s

The main step in proving that a local fibration is a fibration is the fitting
together of extended lifting functions over various open subsets of BL. For this
we need an additional concept. A covering { W} of a space X is said to be
numerable if it is locally finite and if for each W there is a function
fw: X — [0,1] such that W = {x € X| fw(x) 7 0}.
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10 Lemma Let p: E — B be a map. If there is a numerable covering { W;}
of B! such that for each j there is an extended lifting function over W;, then
there is a lifting function for p.

PROOF Let the indexing set be J = {j} and for each j let f;: B! — I be a map
such that W; = {w € B’| fj(w) # 0}. For any subset « C Jlet W, = U, ., W;
and define f,: B — R by

fulw) = Zjeafilw)
(this is a finite sum and is continuous because {W;} is locally finite). Then
folw) > 0 for w € B! and

W, = {w € Bl | f,(w) 7% 0}

We define B, = {(e,w) € B|w € W,}.

Consider the set of pairs (a,A,), where a C J and A,: B, — FElisa lifting
function over B, [that is, A,(e,w)(0) = e and pA.(e,w)(t) = w(t)]. We define a
partial order < in this set by (a,A,) < (B,Az) if @ C B and A (e,w) = Agle,w)
whenever (¢,0) € B, and f,(w) = fs(w) [s0 if (e,0) € B, and A,(e,0) 7 Ag(e,w),
then w € W; for some j € 8 — a].

To prove that every simply ordered subset {a;,A,; } has an upper bound,
let 8 = U a;. We shall define Ag: By, — ET so that (a;,)A,,;) < (B,A,) for all i.
Let U be any open subset of W, meeting only finitely many W; with j € 6,
say Wj,, . . ., W;, (Wy can be covered by such sets U). Choose i so that
f1» - - ., jr all belong to a;. Then if «; C ax, fo|U = for | U. Because
(aihg;) < (ArAgy), it follows that A, (e,w) = A, (e,w) for (ew) € B,,, with
w € U. Therefore there exists a map Az: By — E! such that Agle,w) = A,,(e,0)
for a; sufficiently large. We now show that (a;,\,,) < (BAg). If (ew) € B,,
and A, (e,w) 7= Agle,w), there exists ap such that (aiA\,,) < (axA,,) and
Ay (6,w) 7= Ay (e,w). This implies w € W; for some j € ay — a;. Therefore
w € W;for some j € B — a;, hence (a;,A,;) < (B.Ap).

By Zorn’s lemma, there is a maximal element («,A,). To complete the
proof we need only show that a« =] If a=], let jo € ] — a and let
B = a U {jo}. Define g: Wy — R by g(w) = fu(w)/fp(w). Then 0 < g(w) <1,
g(w) # 0 = w € W,, and gw) % 1 < w € Wj,. Define p: B;, — E by

e 0<glw) <%
pew) = {Aiew)2glw) — %) ¥ < glw) <%
A(e0)(g(w)) %< gw) <1

Then p is continuous. Let A be an extended lifting function over Wj, and
define A4z: By — EI by

Al 0)1) 0< gle) < %
A (e,w)(t) 0<t<2(w) — % 4 3
Agle.w)(t) = /}}(ZL(&;Z») w, 2g(w) — %)(t) %ggo) . %& g) t < 1] B gle) <%
e WNE <t< gw 4
Alple,w), w, gw))(t) gw)<t<1 } % <gw <1

Then A, is a well-defined lifting function over W,. Moreover, for (e,w) € B,,
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if A (e,0) 7~ Agle,w), then g(w) #* 1 and w € W;,. Since jo € 8 — «, this
means that (a,\,) < (B,\s), contradicting the maximality of (a,A,). ®

In case p has unique path lifting, lemma 10 would hold for any open
covering { W;} of BI such that there is a lifting function over W; for each j
(because the uniqueness of lifted paths enables the extended liftings to be
amalgamated to a lifting for p). This was used in the proof of the theorem
that a covering projection is a fibration (theorem 2.2.3), which was valid with-
out any assumption on the base space.

11 Lemma Given a map p: E — B and subsets Uy, . . ., Uy of B such

that there is an extended lifting function over Uil, Usl, . . ., Uil let W be

the subset of B! defined by
\V:{wngqu%i,%DctamrizL...,q

Then there is an extended lifting function over W.

prOOF Let A; be an extended lifting function over Ui/ fori=1 ...,k
Given a path w € W, let w; be the path equal to w on [(i — 1)/k, i/k] and
constant on [0, (i — 1)/k] and on [i/k, 1]. Given (e,w,s) € W such that
(n — 1)/k < s < n/k, define ¢; € Efori =0, ...,k inductively so that

en1 = An(e,wn,s)(n ; 1)

en = An(e,wn,S)(%)

and €i-1

A4%%%)C;1) 0<i<n—1

eiy1 = Ai+1(ei,wi+1s_;<>(t _Z 1 ) n<i+ 1<k

An extended lifting function A over W is defined by

i i—1 i n—1
Az (ehw’ta']:)(t) k S t = 7{' S k
Ale,wos)(t) = | An(esoms)(t) ”zlgtg%
A1 (ei,wwl,%)(t) % < ';: <t< i —*’; 1

We are now ready for the main result on the passage from a local fibra-
tion to a fibration.
12 tHEOREM Given a map p: E — B and a numerable covering QU of B such
that for U € A, p | p~Y(U): p~Y(U) — U is a fibration, then p is a fibration.

prOOF Let A = {U;} and for k > 1, given a set of indices j1, . . . , jx let
Wi, ... i be the subset of B! defined by

Witis i = {wEBll w([lzli—])c Uy,i=1,... ,k}
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It is then clear that the collection {Wj,;, . j} (with k varying) is an open
covering of B/, and by lemma 11, each set W;,;, . ;, has an extended lifting
function. For k fixed the collection { Wj,;, .. ;. } is locally finite. In fact, if
w € Bl foreachi =1, . . ., kthere is a neighborhood V; of w([(i — 1)/k, i/k])
meeting only finitely many U;. Then My ;¢ <[(i — 1)/k, i/k], V;) is a neigh-
borhood of w meeting only finitely many {W;;, . ;. }.

For each jlet fj: B — I be a continuous map such that f;(b) = 0 if and
only if b € U;. Define fj, . j.: Bl — I by

Fo ) :inf{ﬁiw(t) ! "_;_lg <I ~1, .. ,k}

Then f;, . j(w) 7 0 if and only if © € W, ;..

Unfortunately, the collection {W;j;, =} (all k) is not locally finite,
otherwise the proof would be complete by lemma 10. This difficulty is circum-
vented by modifying the sets W;;, . ;. Since for fixed m the collection
(W, . j,} with k < m is locally finite, the sum of the functions f;, . ;, with
k < m is a continuous real-valued function g,, on Bl. Define

fiv . im = nf(sup(0.fi, .. — mgm), 1)
Then fj, .. ;,: Bl —> I and we define Wj, ;. = {w € B!| fj, .. j.(w) 5= 0}.
Clearly, W;, ; C W, ;. ; therefore there is an extended 11ft1ng function
over Wi, ;.. To complete the proof, it follows from lemma 10 that we need
only verify that { W}, ;. } (with k varying) is a locally finite covering of B.
For w € B, let m be the smallest integer such that fh, imlw) 7= 0 for

some fi, . . . , jm. Then gu(w) = 0 and f}, . (@) = fi, .. ja(@) 7 0. There-
fore w € Wj, .. j,, proving that {W}, _;,} is a covering of B’ To show that it
is locally ﬁnlte assume N chosen so that N>mand f;, . j.(@) > 1/N. Then

gv(w) > 1/N and Ngy(w) > 1. Hence Ngy(w') > 1 for all ' in some neighbor-
hood V of w. Therefore all functions f}, . ;, with k > N vanish on V. But this
means that the corresponding set W7, . ;, is disjoint from V. Since the collec-
tion { W}, .. ;,} with k <N is locally finite, the collection { W}, = ;,} (all k) is
locally finite. =

The fact that any open covering of a paracompact Hausdorff space has a
numerable refinement, leads to our next theorem.
13 tHEOREM If B is a paracompact Hausdorff space, a map p: E — Bis a
fibration if and only if it is a local fibration. =

A bundle projection is a local fibration. Therefore, we have the following
corollary.
14 coroLrarY If (E,B,F,p) is a fiber bundle with base space B paracom-
pact and Hausdorff, then p is a fibration. =

8  riBraTIONS

This section contains a general discussion of fibrations. We establish a relation
between cofibrations and fibrations which allows the construction of fibrations
from cofibrations by means of function spaces. We also prove that every map
is equivalent, up to homotopy, to a map that is a fibration (this dualizes a
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similar result concerning cofibrations). The section contains definitions of the
concepts of fiber homotopy type and induced fibration and a proof of the
result that homotopic maps induce fiber-homotopy-equivalent fibrations.

We begin with an analogue of theorem 2.7.8 for cofibrations. Given a
map f: X' — X, let X be the quotient space of the sum (X' X I)v (X X 0),
obtained by identifying (x',0) € X" x I with (f(x"),0) € X x 0 for all x’ € X".
We use [x',t] and [,0] to denote the points of X corresponding to (x',t) € X’ X I
and (x,0) € X X 0, respectively. Then [x',0] = [ f(x),0]. There is a map

P X—X X 1
defined by

i[x,t] = (f(x),t) veX,tel

i[x,0] = (x,0) x € X
A retracting function for f is a map
pXxI1I—->X

which is a left inverse of 7. In case fis a closed inclusion map, so is 7, and a re-
tracting function for fis a retraction of X X I to the subspace X' X I'U X X 0.

1 THEOREM A map f: X' — X is a cofibration if and only if there exists a
retracting function for f.

PrOOF If fis a cofibration, let g: X — X and G: X’ X I — X be the maps
defined by g(x) = [x,0] and G(x',t) = [x/,t]. Because
G(x',0) = [«,0] = [f(*),0] = gf'(x)

it follows from the fact that fis a cofibration that there exists a map p: X X I— X
such that p(x,0) = g(x) and p( f{x'),t) = G(x',t). Then p is a retracting function
for f.

Conversely, given maps g¢ X— Y and G: X’ X I — Y such that
G(x',0) = gf («') for ' € X', define

G XY

by Gl[x',t] = G(x',t) and C_[x,O] = g(x). If p: X X I — X is a retracting func-
tion for f, the map F = G° p: X X I — Y has the properties F(x,0) = g(x)
and F(f(x'),t) = G(x",t), showing that f is a cofibration. =

This leads to the following construction of fibrations from cofibrations.

2 THEOREM Let f: X' — X be a cofibration, where X' and X are locally
compact Hausdorff spaces, and let Y be any space. Then the map p: YX — YX'
defined by p(g) = g ° f is a fibration.

PROOF Let p: X X [ — X be a retracting function for f (which exists by
theorem 1). Then p defines a map

o' YX 5 yxxa

such that p’(g) = g ° p for g: X — Y. Because X’ and X are locally compact
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Hausdorff spaces, so is X, and by theorem 2.9 in the introduction, Y**!/ = (Y4
and

YX = {(gC) € YX x (Y)'|g° f= G0)

Therefore p’ corresponds to a lifting function for p: Y¥ — YX, and by
theorem 2.7.8, p is a fibration. =

3  cororLLary For any space Y let p: YI — Y X Y be the map p(w) =
(@(0),w(1)) for w: I — Y. Then p is a fibration.

PROOF Because I X I U I X 0 is a retract of I x I, the inclusion map icil
is a cofibration [equivalently, the pair (,I) has the homotopy extension prop-
erty with respect to any space]. The result follows from theorem 2 and the
observation that Y7 is homeomorphic to Y X Y under the map g — (g(0),g(1))
forg: [— Y =

Let f: B — B and p: E — B be maps and let E’ be the subset of B’ X E
defined by

E'= ((0'e) € B X E| f(b) = p(e))

E'is called the fibered product of B’ and E (more precisely, the fibered product
of f and p; cf. Sec. 2.2). Note that there are maps p’: E' — B and f; E' — E
defined by p’(’.e) = b’ and f'(V',e) = e. E’ and the maps p’ and f’ are
characterized as the product of fi B'— B and p: E — B in the category

whose objects are continuous maps with range B and whose morphisms are
commutative triangles

The following properties are easily verified.
4 If p is injective (or surjective), so isp’. ®

3 Ifp: B X F— B is the trivial fibration, then p": E' — B’ is equivalent to
the trivial fibration B X F — B'. =

6 If p is a fibration (with unique path lifting), so isp’. =
7 Ifpis a fibration, f can be lifted to E if and only if p’ has a section. =

Note that since the fibered product is symmetric in B and E (or rather,
in f and p), there is a similar set of statements where p and p’ are replaced by
fandf"

If p: E — B is a fibration (or covering projection) and f: B" — B is a map,
then, by property 6 (or property 5), p': E’ — B’ is a fibration (or covering
projection) and is called the fibration induced from p by f (or covering pro-
jection induced from p by f). If § = (E,B,F,p) is a fiber bundle and f: B' — B
is a map, it follows from property 5 that there is a fiber bundle (E",B",F,p’).
This is called the fiber bundle induced from £ by f and is denoted by f*£. In
the case of an inclusion map i: B° C B we use E| B’ to denote the fibered
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product of B" and E, and if £ is a fiber bundle with base space B, ¢ | B" will
denote the fiber bundle with base space B’ induced by i. Observe that £ | B’
is equivalent to (p~Y(B"), B, F, p | p~1(B)).

8 coroLLarY For any space Y and point yo € Y, let p: P(Y,yo) — Y be
the map sending each path starting at yo to its endpoint. Then p is a fibra-
tion whose fiber over yq is the loop space 1Y.

PROOF Let f1 Y — Y X Y be defined by f(y) = (yo,y) andlet p: Y > Y X Y
be the fibration of corollary 3. The fibration induced by f is equivalent to the
map p: P(Y,yo) — Y, where p(w) = w(1), and p~(yo) the fiber over yo, is by
definition, the loop space QY. =

It follows from corollary 3 that the map p”: Y! — Y defined by p’(w) = «(0)
[or by p’(w) = w(1)] is a fibration, because it is the composite of fibrations
Y —»Y X Y- Y. If p: E — Bis any map and p": B/ — B is the fibration
defined by p'(w) = «(0), then the fibered product of E and B! is just the
space B used to define the concept of lifting function for p.

These remarks about fibered products and induced fibrations have ana-
logues for cofibrations. Given maps f1: X — X and fo: X — Xp, the cofibered
sum of X; and X, is the quotient space X’ of X; v X, obtained by identifying
f1(x) with fo(x) for all x € X. There are maps iy: X; — X’ and iy: Xo — X', and
these characterize X’ as the sum of f; and f; in the category whose objects
are maps with domain X and whose morphisms are commutative triangles. If
f1: X = Xj is a cofibration, so is ig: Xz — X', and this is called the cofibration
induced from f; by f5.

The map ho: X" — X’ X I defined by ho(x’) = (x",0) is a cofibration for
any space X', and if f: X’ — X is any map, the cofibered sum of X’ X I and X
is just the space X used to define the concept of retracting function for f.

Let p: E — B be a fibration. Maps fo, fi: X — E are said to be fiber
homotopic, denoted by f = f1, if there is a homotopy F: fo ~ f; such that
pF(x,t) = pfo(x) for x € X and t € I (in which case p ° fo = p°f1). This is an
equivalence relation in the set of maps X — E. The equivalence classes are
denoted by [X;E],, and if f: X — E, [f], denotes its fiber homotopy class.
The concept of fiber homotopy is dual to the concept of relative homotopy.

We use induced fibrations to prove that any map is, up to homotopy
equivalence, a fibration. Let f: X — Y and let p’: Y/ — Y be the fibration de-
fined by p'(w) = w(0). Let p: Py — X be the fibration induced from p’ by f.
It is called the mapping path fibration of f and is dual to the mapping cylinder.
There is a section s: X — P; of p defined by s(x) = (x,wpy), where wyy) is the
constant path in Y at f(x). There is also a map p”: P;— Y defined by
p”(x,0) = w(1). We then have the following dual of theorem 1.4.12.

9 THEOREM Given a map f: X — Y, there is a commutative diagram

X35 p
PN /P
Y
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such that
(a) 1lp; Fs°p
(b) p” is a fibration

PROOF The triangle is commutative by the definition of the maps involved.

(a) Define F: Py X I — P; by F((x,w), t) = (x,w1_s), where w;_(') =
w((1 — t)¢). Then F is a fiber homotopy from 1p, to s ° p.

(b) Let g2 W — Prand G: W X I — Y be such that G(w,0) = p”g(w)
for w € W. Then there exist maps g: W— X and g”: W— Y/ such that
g’ (w)(0) = fg'(w) and gw) = (g'(w),g"(w)) for w € W. We define a lifting
G': W x I — P;of G beginning with g by G'(w,t) = (g'(w), g(w,?)), where
g(w,t) € Y!is defined by

5 N [gw)t/2—-1) 0<20<2-t<2,weW
g<w’t)(t)—{G(w,2t’+t—2) 1<2 1< <2weWw

Since p” has the homotopy lifting property, it is a fibration. ®

It follows that the fibration p”: Py — Y is equivalent (by means of
s: X — Pyand p: P; — X) in the homotopy category of maps with range Y to
the original map f: X — Y. In replacing f by an equivalent fibration, we
replaced X by a space P; of the same homotopy type, whereas in Sec. 1.4,
when f was replaced by an equivalent cofibration, the space Y was replaced
by a space Z; of the same homotopy type.

Two fibrations p1: E;y — B and ps: E2 — B are said to be fiber homotopy
equivalent (or to have the same fiber homotopy type) if there exist maps
f: E1 — Ep and g E; — E; preserving fibers in the sense that ps ° f = p1
and p; ° g = f2 and such that g °f% lg, and feo g = 1g,. Each of the
maps f and g is called a fiber homotopy equivalence. The rest of this section
is concerned with fiber homotopy equivalence.

We begin with the following result concerning liftings of homotopic maps.

10 tEOREM Let p: E — B be a fibration and let Fo, F1: X X I — E be
maps. Given homotopies H: p° Fo = p° Fyand G: Fo | X X 0 = F1 | X X 0
such that H(x,0,t) = pG(x,0,t), there is a lifting H: X X I X I— E of H
which is a homotopy from Fo to Fy and is an extension of G.

prRoOF Let A = (I X 0) U (0 x I) U (I x 1) C I X I and define
f: X X A— Eby

f(x,8,0) = Fo(x,t)
f(x,0,8) = G(x,0,¢)
flx,t,1) = Fq(x,2)

Then H|X X A = p - f. Because there is a homeomorphism of I X I with
itself taking A onto I X 0, there is a homeomorphism of X X I X I with
itself taking X X A onto X X I X 0. It follows from the homotopy lifting
property of p that there is a lifting H: X X I X [ — E of H such that
H|XXA=f =
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Taking H and G to be constant homotopies, we obtain the following
corollary.

11 coroLLaRY Let p: E — B be a fibration and let Fo, F1: X X I — E be
liftings of the same map such that Fo | X X 0 = Fy | X X 0. Then Fo 2 Fy
rel X X 0. =

Let p: E — B be a fibration and let w: I — B be a path in its base space.
By the homotopy lifting property of p, there exists a map F: p~}(w(0)) X [ — E
such that pF(x,t) = w(f) and F(x,0) = x for x € p~}(w(0)) and t € I. Let
f pHw(0)) — p~Hw(1)) be the map f(x) = F(x,1). It follows from theorem 10
that if w ~ «" are homotopic paths in B and if F, F": p~4w(0)) X I — E are
such that pF(x,t) = (), pF'(xt) = «'(t), and F(x,0) = x = F(x,0) for
x € p~Hw(0)) and t € I, then the maps f, f: p~1(w(0)) — p~1(«(1)) defined by
flx) = F(x,1) and f(x) = F'(x,1) are homotopic. Hence there is a well-defined
homotopy class [ f] € [p~1(w(0));p~(w(1))] corresponding to a path class [«]
in B. We let hlw] = [ f].

The following is the form theorem 2.3.7 takes for an arbitrary fibration.

12 tHEOREM Let p: E — B be a fibration. There is a contravariant functor
from the fundamental groupoid of B to the homotopy category which assigns
to b € B the fiber over b and to a path class [w] the homotopy class hw].

prOOF If wy is the constant path at b, let F: p~1(b) X I — E be the map
F(x,t) = x. The corresponding map f: p~1(b) — p~1(b) defined by flx) = F(x,1)
is the identity map. Hence

hlwy] = [1p-1)]
showing that h preserves identities.

Let w and ' be paths in B such that w(1) = «’(0). Given a map
F:p~{w(0)) X I — EsuchthatF(xO) = x and pF(x,t) = w(t) for x € p~(w(0))
and t € I, and given F: p7(w(1)) X I — E such that F/(x',0) = x' and
Y =) or €1 L (0) and 1 € 1, let i p1(a0) — p-1(e(0)) be
defined by f(x) = F(x,1) and let F": p~1(w(0)) X I — E be defined by

Frlag) = {F(x,Qt) 0<t <%, xep Hw0)
®8 = \F(fa) 2t — 1) %<t <1 x€p(wl0)

Then pF”(x t) = (w * w)(t) and F"(x,0) = x for x € p~{w(0)) and t € I. Let
%

frp? p~Y(w'(1)) be defined by f(x) = F/(x’,1). Then F"(x,1) = f( f(x))
for x E p‘l( w(0)), which shows that

hlw * '] = hjw'] * hlw]
Therefore h is a contravariant functor. =

This yields the following analogue of corollary 2.3.8 for an arbitrary
fibration.

13 coroLrary If p: E— Bis a fibration with a path-connected base space,
any two fibers have the same homotopy type. =
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The following result asserts that homotopic maps induce fiber-homotopy-
equivalent fibrations.

14 THEOREM Let p: E — B be a fibration and let fy, f1: X — B be homo-
topic. The fibrations induced from p by fo and by f1 are fiber homotopy
equivalent.

PROOF Let po: Eg — X and py: E; — X be the fibrations induced from p by
fo and fi, respectively, and let f4: Eg — E and f1: E; — E be the correspond-
ing maps such that p° fo = fo ° po and p ° f1 = fi ° p1. Given a homotopy
F: X X I— B from fo to fi, there are maps Fp: Eg X I — E and
Fi: Ey X I > Esuchthatpe Fo = Fe (po X 1) andp > Fi = Fe (py X 1))
aIldFofE()XO foandFllEl)(l_-fl Letgo 0—>Elandg1 Ei— E,
be the fiber preservmg maps defined by the property Fj(x,1) = f]go(x) for x €
Eq and F( = fs8,(v) for y € E;. Then

peFoc(gn X 1) =Fe(poX1)e(g X1)=Fe(p1 X1
and Foe(ga X 1) | Et X0 =F|E; X0

It follows from theorem 10 that Fj e Fo o (g1 X 15). In a similar fashion
Fy > Fi ° (go X 1;). This implies that gog; 5 1z, and gigo o lg,. =

Clearly, a constant map induces a trivial fibration, and we have the
following result.

15 coroLLarY If p: E — Bis a fibration and B is contractible, then p is
fiber homotopy equivalent to the trivial fibration B X p~1(bo) — B for any
bp€B. =

Let B be a space which is the join of some space Y with S°. Then
B=C.YUC,Y,where C_Yand C,_Y are conesover Yand C_Y N C,Y =
Let yo € Y and let p: E — B be a fibration with fiber Fo = p~1(yo). It follows
from corollary 15 that there are fiber homotopy equivalences f_: C_Y X Fy—

“YC_Y)and g4 p~YCLY) — C.Y X Fo. A clutching function u: Y X Fo— Fy
for p is a function p defined by the equation

gf(yz) = (y. wy2) ye€Y,z€k

where f_: C_.Y X Fy — p~(C_Y) and g,: p~}C,Y) — C,Y X Fy are fiber
homotopy equivalences. If C_Y and C.Y are contractible to y, relative to yo,
it follows from theorem 10 that f_ and g, can be chosen so that z — f_(y0,2)
is homotopic to the map Fo C p~1(C_Y ) and z — g, (z) is homotopic to the
map z — (yo0,2) of Fo to C,Y X Fo. In this case the clutching function u cor-
responding to f_ and g, has the property that the map z — p(yo,z) is homo-
topic to the identity map Fy C F.

Let E, be the fiber bundle over S* defined by a characteristic map ¢:
S»~1— G, as in example 2.7.5 (where G is a group of homeomorphisms of the
fiber F). Then Er» = C_S5""! and E» = C,S*"1, and it is easy to verify that
f- and g, can be chosen so that the corresponding clutching function
p: S*1 X F — F is the map p(x,2) = ¢(x)z.
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EXERCISES

A LOCAL CONNECTEDNESS

1 Prove that a space X is locally path connected if and only if for any neighborhood
U of x in X there exists a neighborhood V of x such that every pair of points in V can be
joined by a path in U.

2 If X is a space, let X denote the set X retopologized by the topology generated by
path components of open sets of X. Prove that X is locally path connected and that the
identity map of X is a continuous function j: X — X having the property that for any
locally path-connected space Y a function f: Y — X is continuous if and only if
je fi Y - Xis continuous.

3 Forany space X let Xand j: X — X be as in exercise 2. Prove that ju: m(X,x0) = 7(X,x0).

B COVERING SPACES

1 Let X be the union of two closed simply connected and locally path-connected sub-
sets A and B such that A N B consists of a single point. Prove that if p: X — X is a non-
empty path-connected fibration with unique path lifting, then p is a homeomorphism.

2 Let X = {{x.y) € R?|x or y an integer} and let
X=8vS = {(z122) €S X S|z =1lorz =1}
Prove that the map p: X — X such that p(x,y) = (¢272,e27%) is a covering projection.
3 With p: £ — X as in exercise 2 above, let Y C X be defined by
Y={(xy €X|0<x<1L0<y <)

Prove that Y is a retract of X and that (p | Y ), maps a generator of m(Y) to the commu-
tator of the two elements of m(X) corresponding to the two circles of X.

4 Prove that «(S1v S1) is nonabelian.

€ THE COVERING SPACE ex: R — §!
1 For an arbitrary space X prove that a map f: X — §! can be lifted to a map
f: X = R such that f = ex  f if and only if f is null homotopic.

2 Let X be a connected locally path-connected space with base point xy € X. Prove
that the map

[X,x0; SL,1] — Hom (7(X,x0), 7(S1,1))
which assigns to [ f] the homomorphism
fu m(X,x0) — m(SL1)

is a monomorphism (the set of homotopy classes being a group by virtue of the group
structure on S1).

3 Prove that any two maps from a simply connected locally path-connected space to St
are homotopic.

4 Prove that any map of the real projective space P for n > 2 to S? is null homotopic.
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3 Prove that there is no map f: S* — S1 for n > 2 such that f{—x) = —flx).

6 Borsuk-Ulam theorem. Prove that if f: $2 — R? is a map such that f{—x) = —f(x),
then there exists a point xo € 2 such that f{xg) = 0.

ID COVERING SPACES OF TOPOLOGICAL GROUPS

1 Let H be a subgroup of a topological group and let G/H be the homogeneous space
of right cosets. Prove that the projection G — G/H is a covering projection if and only
if H is discrete.

2 Prove that a connected locally path-connected covering space of a topological group
can be given a group structure that makes it a topological group and makes the projec-
tion map a homomorphism.

A local homomorphism ¢ from one topological group G to another G’ is a contin-
uous map from some neighborhood U of e in G to G’ such that if gy, g2, g1g2 € U,
then @(g1g2) = @(g1)lg2). A local isomorphism from G to G’ is a homeomorphism ¢ from
some neighborhood U of e to some neighborhood U’ of ¢’ such that ¢ and ¢~1 are both
local homomorphisms (in which case G and G’ are said to be locally isomorphic).

3 Prove that a continuous homomorphism ¢: G — G’ between connected topological
groups is a covering projection if and only if there exists a neighborhood U of ¢ in G
such that ¢ | U is a local isomorphism from G to G'.

4  Let ¢ be alocal homomorphism from a connected topological group G to a topological
group G’ defined on a connected neighborhood U of ¢ in G. Let G be the subgroup
of G X G’ generated by the graph of ¢ (that is, generated by {(g,g") € G X G’ | g’ = ¢(g),
g € U}). G is topologized by taking as a base for neighborhoods of (e,e’) the graph of
@ | N as N varies over neighborhoods of e in U. Prove that G is a connected topological
group, the projection p;: G — G is a covering projection, and the projection py: G — G’
is continuous.

3 Prove that two connected locally path-connected topological groups are locally iso-

morphic if and only if there is a topological group which is a covering space of each of
them.

6 If G is a simply connected locally path-connected topological group and ¢ is a local
homomorphism from G to a topological group G’, prove that there is a continuous homo-
morphism ¢’: G — G’ which agrees with ¢ on some neighborhood of e in G.

E FIBRATIONS
1 If p: E — Bis a fibration, prove that p(E) is a union of path components of B.

2 If a fibration has path-connected base and some fiber is path connected, prove that
its total space is also path connected.

3 Let p: E— B be a fibration and let X be a locally compact Hausdorff space. Define
p’t EX — BX¥ by p'(g) = p ° g for g2 X — E. Prove that p’ is a fibration.

4 Let p: E— B be a fibration and let by € p(E), F = p~1(by). Let X be a space
regarded as a subset of some cone CX. Prove that the map

pu: [CX,X; E,F] — [CX,X; B,b]
is a bijection.
3 Let p: E— B be a fibration and let ¢y € E, by = pleg), and F = p~i(bo). If B is
simply connected, prove that 7(F,eq) — 7(E,eo) is an epimorphism.
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6 Let p: E — B be a fibration and let g € E and by = p(eg). If p~1(bo) is simply con-
nected, prove that
Py 7T<E,€()) =~ W(B,b())

@ Let p: E— B be a fibration and b € p(E). If E is simply connected, prove that
there is a bijection between 7(B,bo) and the set of path components of p~1(by).



CHAPTER THREE
POLYHEDRA



IN CHAPTER TWO THE FUNDAMENTAL GROUP FUNCTOR WAS USED TO CLASSIFY
covering spaces. We now consider the problem of computing the fundamental
group of a specific space. We shall show that the fundamental groups of many
spaces (the class of polyhedra) can be described by means of generators and
relations.

A polyhedron is a topological space which admits a triangulation by a
simplicial complex. Thus we start with a study of the category of simplicial
complexes. A simplicial complex consists of an abstract scheme of vertices and
simplexes (each simplex being a finite set of vertices). Associated to such a
simplicial complex is a topological space built by piecing together convex cells
with identifications prescribed by the abstract scheme. Since the topological
properties of these spaces are determined by the abstract scheme, the study
of simplicial complexes and polyhedra is often called combinatorial topology.

A compact polyhedron admits a triangulation by a finite simplicial com-
plex. Thus these spaces are effectively described in finite terms and serve as a
useful class of spaces for questions involving computability of functors.

Sections 3.1 and 3.2 are devoted to definitions and elementary topological
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properties of polyhedra. Section 3.3 introduces the concept of subdivision of
a simplicial complex, and it is shown that a compact polyhedron admits arbi-
trarily fine triangulations. This result is used in Sec. 3.4 to prove the simplicial-
approximation theorem, which asserts that continuous maps from compact
polyhedra to arbitrary polyhedra can be approximated by simplicial maps.

The technique of simplicial approximation is used in Sec. 3.5 to prove
that the set of homotopy classes of continuous maps from a compact polyhedron
to an arbitrary polyhedron can be described abstractly in terms of triangula-
tions of the polyhedra. In Sec. 3.6 this result provides an abstract description
of the fundamental group of a polyhedron as the edge-path group of a trian-
gulation, which is used in Sec. 3.7 to obtain a system of generators and rela-
tions for the fundamental group of a polyhedron. It is also shown in Sec. 3.7
that the fundamental group functor provides a faithful representation of the
homotopy category of connected one-dimensional polyhedra. Section 3.8 con-
sists of applications of the results on the fundamental group, some examples
of polyhedra, and a description of the fundamental group of an arbitrary
surface.

l SIMPLICIAL COMPLEXES

This section contains definitions of the category of simplicial complexes and
of covariant functors from this category to the category of topological
spaces.

A simplicial complex K consists of a set {v} of vertices and a set {s} of
finite nonempty subsets of {v} called simplexes such that

(a) Any set consisting of exactly one vertex is a simplex.
(b) Any nonempty subset of a simplex is a simplex.

A simplex s containing exactly ¢ + 1 vertices is called a g-simplex. We
also say that the dimension of s is g and write dim s = ¢. If s C s, then 5’ is
called a face of s (a proper face if s’ % s), and if s is a p-simplex, it is called
a p-face of s. If s is a g-simplex, then s is the only g-face of s, and a face &
of s is a proper face if and only if dim s < g. It is clear that any simplex has
only a finite number of faces. Because any face of a face of s is itself a face
of s, the simplexes of K are partially ordered by the face relation (written
s < sifs is aface of s).

It follows from condition (a) that the 0-simplexes of K correspond bijec-
tively to the vertices of K. It follows from condition (b) that any simplex is
determined by its 0-faces. Therefore K can be regarded as equal to the set of
its simplexes, and we shall identify a vertex of K with the 0-simplex corre-
sponding to it.
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We list some examples.

1 The empty set of simplexes is a simplicial complex denoted by @.

2 For any set A the set of all finite nonempty subsets of A is a simplicial
complex.

3 If s is a simplex of a simplicial complex K, the set of all faces of s is a
simplicial complex denoted by 5.

4 If s is a simplex of a simplicial complex K, the set of all proper faces of s
is a simplicial complex denoted by s.

5 If K is a simplicial complex, its g-dimensional skeleton K9 is defined to
be the simplicial complex consisting of all p-simplexes of K for p < g.

6 Given aset X and a collection U = { W} of subsets of X, the nerve of A,
denoted by K(), is the simplicial complex whose simplexes are finite non-
empty subsets of U with nonempty intersection. Thus the vertices of K(W')
are the nonempty elements of .

7 If Ky and K are simplicial complexes, their join Ky # K is the simplicial
complex defined by

Kl*Kz :K1VK2 U {81\/82|81€K1,82€K2}

Thus the set of vertices of K; * K is the set sum of the set of vertices of K4
and the set of vertices of Ko.

8 There is a simplicial complex whose set of vertices is Z and whose set of
simplexes is

{n}In€Z} U {{n.n+1}|ncZ}

9 For n > 1 regard Z» as partially ordered by the ordering of its coordi-
nates (that is, given x, 2’ € Z», then x < «' if for the ith coordinates
x; < x; in Z). There is a simplicial complex whose set of vertices is Z" and
whose simplexes are finite nonempty totally ordered subsets {x9, . . . ,x7}
of Zn (thatis, x0 < a1 < ... < x9) such that forall 1 <i<n, x¢ — x,0 = 0
or 1.

If K is a simplicial complex, its dimension, denoted by dim K, is defined
to equal — 1 if K is empty, to equal n if K contains an n-simplex but no (n + 1)-
simplex, and to equal oo if K contains n-simplexes for all n > 0. Thus
dim K = sup {dim s | s € K}. K is said to be finite if it contains only a finite
number of simplexes. If K is finite, then dim K < oo; however, if dim K < oo,
K need not be finite (example 8 is an infinite simplicial complex whose
dimension is 1).

A simplicial map ¢: K1 — K is a function ¢ from the vertices of Ky to
the vertices of K such that for any simplex s € K; its image ¢(s) is a simplex
of Ky. For any K there is an identity simplicial map 1x: K — K corresponding
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to the identity vertex map. Given simplicial maps K; & K, ¥ K, the com-
posite simplicial map ¢ ° ¢: K; — K3 corresponds to the composite vertex map.
Therefore there is a category of simplicial complexes and simplicial maps.

A subcomplex L of a simplicial complex K, denoted by L C K, is a sub-
set of K (thatis, s € L => s € K) that is a simplicial complex. It is clear that
a subset L of K is a subcomplex if and only if any simplex in K that is a face
of a simplex of L is a simplex of L. If L C K, there is a simplicial inclusion
map i: L C K.

A subcomplex L C K is said to be full if each simplex of K having all its
vertices in L itself belongs to L. There is a subcomplex N of K consisting of
all simplexes of K with no vertex in L. Clearly, N is the largest subcomplex
of K disjoint from L. If s = {vo,v1, . . . ,0q} is any simplex of K, then either
no vertex of s is in L (in which case s € N), or every vertex belongs to L (in
which case, if L is full, s € L), or the vertices can be enumerated so that
v;€Lif i<p and v; ¢ L if i >p, where 0 <p < g. In the latter case,
s =25 Us",wheres = {vo,...,0p}isin L, if Lis full, and s” = {vp1, . . . ,04}
is in N. Therefore we have the following result.

10 Lemma If L is a full subcomplex of K and N is the largest subcomplex
of K disjoint from L, any simplex of K is either in N, or in L, or of the form
§ Us" forsomes € Land s’ € N. =

There is a category of simplicial pairs (K,L) (that is, K is a simplicial
complex and L is a subcomplex, possibly empty) and simplicial maps ¢:
(K1,L1) — (Kg,Ly) (that is, ¢ is a simplicial map Ky — K such that ¢(Ly) C Lo).
The category of simplicial complexes is a full subcategory of the category of
simplicial pairs. There is also a category of pointed simplicial complexes K
(that is, K is a simplicial complex together with a distinguished base vertex)
and simplicial maps preserving base vertices which is a full subcategory of the
category of simplicial pairs. Following are some examples.

11 For any g the g-dimensional skeleton K9 is a subcomplex of K, and if
p < g, K» is a subcomplex of Ka.

12 For any s € K there are subcomplexes § C § C K.

13 If {L;};.,is a family of subcomplexes of K, then ML; and UL; are also
subcomplexes of K.

14 Given that A C X, W = { W} is a collection of subsets of X, and K4(°Uf)
is the collection of finite nonempty subsets of “f whose intersection meets A
in a nonempty subset, then K4(?U) is a subcomplex of the nerve K(°U).

We now define a covariant functor from the category of simplicial com-
plexes and simplicial maps to the category of topological spaces and continuous
maps. Given a nonempty simplicial complex K, let |K| be the set of all func-
tions « from the set of vertices of K to I such that

(a) Forany a, {v € K| a(v) % 0} is a simplex of K (in particular, a(v) 7 0
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for only a finite set of vertices).
(b) For any a, 2, g a(v) = 1.

If K = &, we define |[K| = &.
The real number a(v) is called the vth barycentric coordinate of «. There
is a metric d on |K| defined by

d(e,B) = VZ, g a(v) — B)]?

and the topology on |K| defined by this metric is called the metric topology.
The set |K| with the metric topology is denoted by |K|,.

We shall define another topology on |K|. For s € K the closed simplex |s|
is defined by

sl = {a € |K| | a(v) # 0= v € s}

If s is a g-simplex, |s| is in one-to-one correspondence with the set
{x € R1*1|0 < x; < 1, 2% = 1}. Furthermore, the metric topology on |K|4
induces on [s| a topology that makes it a topological space |s|g homeomorphic
to the above compact convex subset of Re*1. If sq, so € K, then clearly
s1 N sz is either empty (in which case [s1| N |so| = @) or a face of s; and of
sz (in which case |s; N sg| = [s1] N |s2]). Therefore, in either case |si]q N |s2]q
is a closed set in |s1]4 and in |s2|g, and the topology induced on this intersec-
tion from |s{|; equals the topology induced on it from |sg|4. It follows from
theorem 2.5 in the Introduction that there is a topology on |K| coherent with
{Isla| s € K}. This topology will be called the coherent topology. The space
of K, also denoted by |K]|, is the set |K| with the coherent topology. (What we
call here the coherent topology is known in the literature as the weak topology.)
Note that |3| = |s|g; we shall also use |s| to denote the space |3|.

Because a subset A C |K] is closed (or open) in the coherent topology if
and only if A N [s| is closed (or open) in |s| for every s € K, we have the fol-
lowing theorem and its corollary.

135 tHEOREM A function f: |K| — X, where X is a topological space, is con-
tinuous in the coherent topology if and only if f| |s|: |s| — X is continuous
foreverys € K. m

16 coroLLARY A function f: |K| — X is continuous in the coherent topol-
ogy if and only if f| |K9|: |[K9 — X is continuous for every g > 0. =

It follows from theorem 15 that the identity map of the set |K| is a con-
tinuous map |K| — |K|g. Note that L C K = |L| C |K]| and |L|4 is a closed
subset of |K|q (which implies that |L| is a closed subset of |K|). Furthermore,
if {Lj};je; is a collection of subcomplexes of K, then U |L; = |U L; and
ML = [N L.

The coherent topology has the following property.

17 tHEOREM For any simplicial complex K, its space |K| is a normal
Hausdorff space.
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PROOF Because |K|; is a Hausdorff space and i: |K| — |K|q is continuous,
|K| is a Hausdorff space. To prove that |K| is normal it suffices to show that
if A is a closed subset of |K|, any continuous map f: A — I can be continu-
ously extended over |K|. By theorem 15, the existence of such an extension of

f is equivalent to the existence of an indexed family of continuous maps
{fs |s| = I|s € K} such that

(a) If s"is a face of s, then f | || = fs
(D) fs| (AN s|) = f(AN]s])

The existence of the family { f;} is proved by induction on dim s. If s is
a O-simplex, |s| is a single point, and either |s| € A, in which case we define
fs = f|ls|, or |s| ¢ A, in which case we define f; arbitrarily.

Let g > 0 and assume f; defined for all simplexes s with dim s < g to
satisfy conditions (@) and (b). Given a g-simplex s, define £: |s| U (A N |s|) — I
by the conditions

fslls'l = fs s’ a face of s

fl(anis)=fl@Anis)

Because { fy }aim s<q satisfies conditions (a) and (b), f; is a continuous map of
the closed subset |s| U (A N |s]) of |s| to I. By the Tietze extension theorem,
there exists a continuous extension fi: [s| — I of f;. =

The same technique can be used to prove that |K| is perfectly normal
(that is, every closed subset of |K| is the set of zeros of some continuous real-
valued function on |K]) and paracompact.

For s € K the open simplex (s) C |K| is defined by

() = {a €|K||alv) A0 <=v € s}

Although a closed simplex is a closed set in [K|, an open simplex need not be
open in |K|. However, the open simplex (s) is an open subset of |s| because
{s) = |s| — |$|. Every point a € |K| belongs to a unique open simplex (namely,
the open simplex (s), where s = {v € K| a(v) # 0}). Therefore the open
simplexes constitute a partition of |K].

If A is a nonempty subset of |K| that is contained in some closed simplex
s|, there is a unique smallest simplex s € K such that A C |s|. This smallest
simplex is called the carrier of A in K. If A C (s), then the carrier of A is
necessarily s. In particular any point « of |K| has as carriér the simplex s such

that « € (s).

18 remMa Let A C |K|; then A contains a discrete subset (in the coherent
topology) that consists of exactly one point from each open simplex meeting A.

PrROOF For each s € K such that A N {(s) 5% @ let a; € A N {s) and let
A’ = {as}. Because any closed simplex can contain at most a finite subset of
A, it follows that every subset of A’ is closed in the coherent topology and A’
is discrete. =
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Because a compact subset of any topological space can contain no infinite
discrete set, we have the following result.

19 coroLLARY Every compact subset of |K| is contained in the union of a
finite number of open simplexes. =

A finite simplicial complex has a compact space. The converse follows
from corollary 19.

20 coroLLarRY A simplicial complex K is finite if and only if |K| is
compact. =

We establish the following analogue of theorem 15 for homotopies.

21 tHEOREM A function F: |K| X I — X is continuous if and only if
F|(ls|] X I):|s| x I — X is continuous for every s € K.

pROOF Because |K| has the topology coherent with the collection of its closed
simplexes, and each closed simplex is a closed compact subset of |K]|, it follows
that |K| is compactly generated. By theorem 2.7 in the Introduction, |K| X I
is also compactly generated. It follows from corollary 19 that every compact
subset of |K| x I is contained in |L| X I for some finite subcomplex L C K.
Therefore |K| X I has the topology coherent with the collection {|L| X I|
L C K, L finite}. It is clear that this topology is identical with the topology
coherent with {|s| X I|s € K} (because if L is finite, |L| X I has the topology
coherent with {|s| X I|s € L}). =

If ¢: Ky — K3 is a simplicial map, then there is a continuous map
|pla: [K1lg — |Kz|q defined by

l(PId(a)(v/) = th(v):v’ OL(‘D) v € Ko

The same formula defines a continuous map |p|: |K1| — |Kz|, and there is a
commutative square

|Ki| — |Kila
Iwil llw\a
|K2| — [Kzla

An easy verification shows that || and ||; are covariant functors from the
category of simplicial complexes to the category of topological spaces, and
|K| = |K]|q is a natural transformation between them. These functors can also
be regarded as defined on the category of simplicial pairs to the category of
pairs of topological spaces.

A triangulation (K,f) of a topological space X consists of a simplicial
complex K and a homeomorphism f: |K| — X. If X has a triangulation, X is
called a polyhedron. Similarly a triangulation (K,L), f) of a pair (X,A) con-
sists of a simplicial pair (K,L) and a homeomorphism f: (|K|, |L|) — (X,A). If
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(X,A) has a triangulation, (X,A) is called a polyhedral pair. In general, a given
polyhedron will have triangulations (Ki,f1) and (K2,f2), for which K; and K»
are not isomorphic simplicial complexes.
Following are some examples.

22 Foranyn > 1, (E**1,S%)is homeomorphic to (|5],]$]), where sisan (n + 1)-
simplex. Therefore (E**1,57) is a polyhedral pair.

23 Given that K is the simplicial complex of example 8 and f: |K| — R is
defined so that f{|{n}|) = n and f||{n,n 4+ 1}| is a homeomorphism of

|{n, n 4+ 1}| onto the closed interval [n, n + 1], then (K,f) is a triangulation
of R, and R is a polyhedron.

24 For n > 1, given that K is the simplicial complex of example 9 and
f: |[K| — Rn is defined by the equation ( f(a)); = 2,z a(x)(x);, then (K,f) is
a triangulation of R#, and R is a polyhedron.

Given a vertex v € K, its star is defined by
stv = {a € |K]]a(v) # 0}

Because a — a(v) is a continuous map from |K|4 to I, st v is open in |K|4, and
hence also in |K|. It is immediate from the definition that

a € st v <> carrier a has v as vertex
= a € (s where s has v as vertex

Therefore st v = U{{s) | v is vertex of s}.
25 LemMa Let L C K and let vy, v1, . . . , vy be vertices of K. Then
vo, U1, . . . , g are vertices of a simplex of L if and only if

mogiiq st v; N IL‘ 75 1}
prooF If there is a simplex s € L with vertices vy, . . . , ¥g, then (s) C stv;
for every i, and (s) C |L|. Therefore Mstov; N |L| # &. Conversely, if
Nsto; N L] = @, let « € N stv; N |L|. Then a(v;) 7 0 for 0 <i < g, and

carrier « is a simplex s of L whose vertices include vo, . . . , v, Then the set
{vo, . . . ,vq} is a face of s and must belong to L, because L is a complex. =

This yields the following relation between K and the open covering of |K|
of vertex stars.

26 tueorREM Let U = {stv|v € K}. The vertex map ¢ from K to K(U) de-
fined by o(v) = stv is a simplicial isomorphism ¢: K = K(), and for any
L CK, (;DtL: L= KiLKQl). L]

2 LINEARITY IN SIMPLICIAL COMPLEXES

The linear structure in the set of all functions from any set to R defines lin-
earity in the space of a simplicial complex. This section is devoted to a study
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of such linearity. We show that a closed simplex |s| is homeomorphic to the
cone with base |$|. This implies that a closed simplex can be parametrized by
“polar coordinates,” which are convenient for the construction of maps. We
use them to prove that a polyhedral pair has the homotopy extension property
with respect to any space.

We also consider linear imbeddings in euclidean space of the space of a
simplicial complex; this entails a discussion of locally finite simplicial com-
plexes. Such complexes are characterized by the property that their spaces
are locally compact or the equivalent property that the coherent and metric
topologies coincide on their spaces.

Let K be a simplicial complex and let ay, . . . , a, be points of a closed
simplex |s|. Given real numbers ¢, . . ., t, such that 0 <t; <1 for
i=1,..., pand such that Z¢; = 1, the function a = 2t;a; is again a

point of |s|. Therefore each closed simplex has a linear structure such that
convex combinations of its points are again points of the closed simplex.
Conversely, if « = Zt;a; has a simplex s as carrier (so that a € (s)), then
each a; € |s|. Therefore we have the following lemma.

1  LEMMA A convex combination of points of |K| is again a point of |K|
if and only if the points all lie in some closed simplex. =

We shall find it convenient to identify the vertices of K with their char-
acteristic functions. That is, if v is a vertex of K, we regard v as also being
the function from vertices v’ € K defined by

o) ={] 7Y

If « € |K|, then we can write @ = 2, g a(v)v, the sum on the right being a
convex combination of points of |K|.

Let X be a topological space which is a subset of some real vector space.
We assume that X has a topology coherent with its intersections with finite-
dimensional subspaces each such intersection being topologized as a sub-
space of the finite-dimensional topological linear space in which it lies. For
example, X is euclidean space or X is the space of a simplicial complex.
A continuous map f: |K| — X is said to be linear on K if it is linear in terms of
barycentric coordinates. That is, f is linear if for every a € K|, 2,k a(v)f(v)
is a point of X and

flo) = Zvex av)flv)

It is then clear that a linear map is uniquely determined by the vertex map f,
from vertices of K to X such that fo(v) = f(v). Conversely, a vertex map fo
from vertices of K to X may be extended to a linear map f: |K| — X if and
only if for every simplex s € K all convex combinations of elements in fo(s)
lie in X.



116 POLYHEDRA CHAP. 3
If ¢: K; — K3 is a simplicial map, then the definition of |¢| shows that
lpl() = 2 a(v)|pl(v)

Therefore |g] is linear.

Let X be a topological space. The cone X * w with base X and vertex w
is defined to be the mapping cylinder of the constant map X — w. The points
of X * w are parametrized by [x,t] with x € X and t € I, where x € X is
identified with [x,0] and [x,1] is identified with w for all x € X. Because w is
a strong deformation retract of X * w, a cone is contractible.

2 1emma  For any simplex s of K the cone || * w is homeomorphic to |s|.

prROOF Choose a point wo € {s) and define a map f: |$§| * w — |s| by
flla,t]) = two + (1 — t)a. Then f is continuous (because the linear opera-
tions in |s| are continuous). To show that f is injective, assume f{[a,t]) =
fUB.¥]) for @, B € |$| and ¢, ¢’ € 1. Then

tWQ+<1 ——t)a :th0+(1 — t’)ﬂ

Let s have vertices vg, v1, . . . , vg and suppose that ¢ = S, B = 2P,
and wy = 2 y;v;. Because a, B € |§|, there is j such that a; = 0 and there is k
such that Bx = 0. Then

ty=tv+ (1 —=¢)8 and (t—1t)y;=(1—1)B

Because y; 7= 0, ¢ > t. Similarly, tyx + (1 — f)ax = t'yx and so ¢’ > t. There-
fore t = t'. It follows then that (1 —~ t)a = (1 — )8, andif t %A1, a = 8.
Therefore either t = # and @ = B or t = ¢ = 1. In either case [a,t] = [B,#],
and f is injective.

We now show that f is surjective. Clearly, f{[a,0]) = a and f([a,1]) =
wo, and so f maps onto |§| and wo. To show that every point of (s) — wo is
on a unique line segment from wy to some point of [$|, let a € (s), with
a 7 wp, and suppose that a = 2a;v;. Consider the function ¢(t) =
(1 + #)a — H'we ¢0) = a € (s), and as ¢’ increases, the barycentric coordinates
of ¢(t') change continuously. Because a # w, there is some i such that a; < ;.
Therefore

P(t) () = a3 — t'(vi — @)

is a monotonically decreasing function of t'. By continuity, there exists a
unique ¢ > 0 such that g(t')(v;) = 0. Hence there exists a to > 0 which is
the smallest ¢ for which @(t6)(v;) = 0 for any 0 < i < q. Then ¢(t5) € |$| and

1o 1

= 16
S T

shows that a = f{[@(t0), to/(1 + to)]), and f is surjective.
Because f is a continuous bijection from a compact space to a Hausdorff
space, it is a homeomorphism. =
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The barycenter b(s) of the simplex s = {vg,01, . . . ,v4} is defined to be
the point
b(s) = Socicg—— vy
sise e

Clearly, b(s) € (s), and so the carrier of b(s) is s. By lemma 2, |s| is homeo-
morphic to [§| # w in such a way that w corresponds to b(s). If a € |§| and
t € I, the point tb(s) + (1 — t)a of |s| will be parametrized by polar co-
ordinates [o,t], where [a,t] denotes the point of |§| * w corresponding to the
given point of |s|. Then [«,0] = &« and [a,1] = b(s) for all « € |§|. We use
polar coordinates for the following homotopy.

3 LeEmMA  For any simplex s, |s| X 0 U |§| X I is a strong deformation re-
tract of |s| X L

prOOF If s is a O-simplex, |§| = & and we know the point |s| X 0 is a strong
deformation retract of the closed interval |s| X I If dim s > 0, we define a
deformation retraction

Fils] x IXI—|s| X1
to |s] X 0 U |$| X I by the formula in polar coordinates

([a, (1— ¢ + f—fi;tf)] (1— t”)t’) ¢ < o

Flad, . ') = )
([a, (1= ¢, (1 — ¢ + M) 2 <y

1 -1t

and diagram it for the cases of a 1-simplex and a 2-simplex:

Is] =
4  coroLLARY For any subcomplex L. C K the subspace |K| X 0 U |L| X I
is a strong deformation retract of |K| X L

PROOF Let X» = |[K| X 0 U |[K* U L| X Ifor n > —1. We first show that
for each n > 0 the space X»1 is a strong deformation retract of X». For each
n-simplex s € K — L let Fg: |s| X I X I — |s| X I be a strong deformation
retraction of [s| X I to |s| X 0 U [§| X I (which exists, by lemma 3). For
n > 0 define a map

E, . XnXI— X
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by the conditions

Folls} Xx I X I =F; for an n-simplex s € K — L
Fo(x,t) = x x€EXn 1 tc]

Then F, is well-defined and continuous (because for every simplex s the
restriction F,||s| X I X I is continuous), and F, is a strong deformation
retraction of X» to Xn~1,

Let f,: X» — X771 be the retraction defined by f,(x) = Fy(x,1) for
x € Xn Let a, = 1/n for n > 1, and define G,: X» X I — X» by induction
on n so that

X 0<t<as
Golxt) = F0<x, t = “2) a<t<1
1——(12
and forn > 1
b 0<t<ap.s

P — Qpy2 )
Ani1 — Ang2

Gn(x,t) = Fn<x> Anyo < t < Qpyt

Gn41<fn<x>>t) a1 <t <1

By induction on n, it is easily verified that G, is a strong deformation retrac-
tion of X to X~ such that G, | X»™1 X I = G,_1. Therefore there is a map

G K| XIxI—|KlXxI

such that G| X* X I = G,. Then G is a strong deformation retraction of
K| X Ito|[K| X OU|L| X1 =

3 COROLLARY A polyhedral pair has the homotopy extension property
with respect to any space.

proOF It suffices to show that if L C K, then (|K|, |L|) has the homotopy
extension property with respect to any space Y. Given g: |K| — Y and
G: |L| X I — Y such that G(,0) = g(a) fora € |L|,1let f: |K| X O U |L| X [— Y
be defined by f(«,0) = g(a) for a € |K]| and fla,t) = G(a,¢) for « € |L| and
t € I. Because [L| is closed in |K]|, f is continuous. By corollary 4, |K| x 0 U
|L] x I1is aretract of |K| X I. Therefore f can be extended to a continuous
map F: |[K| X I — Y. Then Fa,0) = g(a) fora € [K|and F||L| X [ = G. =

Let us now consider linear imbeddings of |K| in euclidean space.

6 LEMMA A linear map f: |s| — R" is an imbedding if and only if it maps
the vertex set of s to an affinely independent set in Rn.

PROOF Let f(v;) = p;, where s = {v;}. We show that the set {p;} is affinely
dependent if and only if fis not injective. {p;} is affinely dependent if and
only if there exist a; not all zero such that Za;p; = 0 and Za; = 0. Assume
the points p; enumerated so that a; > 0 for i <jo and a; < 0 for i > jo.
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Then Eig]’o ap; = 21')]‘() (—al)pl If a = Eigjo o = Ei>]'0 - Q4, then
2igo(ai/a)pi = Zisjo(—ai/a)p;. It follows from the linearity of f that
f(Zigjy(ai/a)vs) = f(Zisj,( —ai/a)v;), showing that f is not injective.

Conversely, if f is not injective, then f(Za;v;) = (ZBiv;), where a;, 7 B,
for some jo. Then 2(a; — Bi)p; = 0 and Z(a; — B;) = 0. Because aj, — Bj, 70,
the set {p;} is affinely dependent. =

A simplicial complex K is said to be locally finite if every vertex v of K
belongs to only finitely many simplexes of K.

7 1eEmMa If K is locally finite, every point of |K|q has a neighborhood of
the form |L|q, where L is a finite subcomplex of K.

PROOF Let a € |K|4. Then a € st v for some vertex v of K. Because v is a
vertex of only finitely many simplexes {s;} of K, st v is contained in the com-
pact set U|s;|. Let L = {s € K| s is a face of s; for some i}. Then L is a finite
subcomplex of K, and « € st v C |L|g. =

8 THEOREM For a simplicial complex K, the following are equivalent:

(a) K is locally finite.

(b) |K] is locally compact.

(c) |K| — |K|q is @ homeomorphism.

(d) |K| is metrizable.

(e) |K]| satisfies the first axiom of countability.

PROOF (a) = (b). By lemma 7, if o is a point of |K|4, there is a finite sub-
complex I, C K such that « is in the interior of |L|4. Then a is in the interior
of |L| in |K|. Therefore |L| is a compact neighborhood of « in |K].

(b) = (c). To show that |K| — |K|s is an open map, let U be an open sub-
set of |K| with compact closure U in |K|. It suffices to show that U is open in
|K|s. Because U is compact, there is a finite subcomplex L C K such that
U C |L| (by corollary 3.1.19). Let K; be the subcomplex of K defined by

Ki={seK||siNU= @}

If s € K — K, then |s] N U is a nonempty open subset of |s|. Therefore
(s) N U= @ and (s) N |L| #* &. The fact that the open simplexes of K
form a partition of K implies that s € L, and we have shown that K = K,y UL.
Now, |K|g — |Ki|q is an open subset of |K|s. Because L is finite, |L| — |L|q is
a homeomorphism. Therefore U is open in |L|4, and so it is open in |L|; — |Kilq.
Because [L|g — |Ki|g = |K|g — |Ki|g, U is open in |K|g.

(c) = (d). Because |K|; is metrizable, if |K| and |K|, are homeomorphic,
then |K]| is also metrizable.

(d) = (e). Every metrizable space satisfies the first axiom of countability.

(e) => (a). Assume that K is not locally finite and let v be a vertex of an
infinite set of simplexes {s;};=12, ... of K. Assume that v has a countable base
of neighborhoods {U;}i=12, . . in |K|. Without loss of generality, we may
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assume U; D Uj,q for all i > 1. For each i, {s;) N U; = &, because v, being
a vertex of s;, is in the closure of (s;). Let a; € {s;) N U;. Then the sequence
{a;} has v as a limit point (because each U; contains all a; with § > i), but in
the coherent topology the set {a;} is discrete, because it meets every closed
simplex |s| in a finite set. =

A realization of a simplicial complex K in R is a linear imbedding of |K]|
in R™. The following theorem characterizes those complexes K which have
realizations in some euclidean space.

9 taEOoREM If K has a realization in R7, then K is countable and locally
finite, and dim K < n. Conversely, if K is countable and locally finite, and
dim K < n, then K has a realization as a closed subset in R2n+1,

PROOF Let f: |K| — R be a linear imbedding. If K is uncountable, it follows
from lemma 3.1.18 that |K| contains an uncountable discrete set A’. Then
flA’) is an uncountable discrete subset of R, which is impossible because R*
is separable. Therefore K is countable. Clearly |K| is metrizable and, by
theorem 8, K is locally finite. It follows from lemma 6 and theorem 5.3 in the
Introduction that dim K < n.

To prove the converse statement, let {p;} be a sequence of points
in R27*1 guch that

(a) Every set of 2n + 2 of the points p; is affinely independent.
(b) If Cis any compact subset of R27*1, there exists j such that C is dis-
joint from the convex subset of R27*1 generated by the set {p;|i > j}.

For example, let H; D H, D ... be a decreasing sequence of closed half-
spaces of R2#*1 such that MH; = &, and assuming p; defined for i < g,
inductively choose p, to be a point of H; not lying on any of the finite
number of afline varieties determined by 2n + 1 or fewer points of the set
{pill <i<q—1})

Assume that K is countable and locally finite and dim K < n, and let
{vi}i=1,2,... be an enumeration of the vertices of K. Define f: [K| — R2"*1 to
be the linear map such that f(v;) = pi. Because of condition (a), it follows
that for any s € K, f]|s| is a linear imbedding of |s| in |K|, and if s and
s’ € K, then

Asl i) = fAsl) 0 s
Therefore f is injective. Because of condition (b), if Cis any compact subset of
R2n+1 there is j such that f~1(C) C U {stv;|i < j}. Since K is locally finite,
this implies that f~1(C) C |L] for some finite subcomplex L. C K. Therefore
fYC) is compact in |K]. If A is closed in |K| and C is compact in R2**1, then
flLA) N C = flA N f1{C)) is closed in C [because A M f7(C) is a closed sub-
set of the compact subset f~1(C) of |K| and f| f~1(C) is a homeomorphism of
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F1(C) to f{ f1(C))]. Therefore f is a closed map and is a linear imbedding of
IK| as a closed subset in RZ7+1, =

3 SUBDIVISION

Our main interest in simplicial complexes is in the polyhedra they describe.
To study a polyhedron it is important to consider its different triangulations
and their interrelationships. This section is devoted to proving the existence
of “small” triangulations of a polyhedron, which are used in the next section
in proving that arbitrary continuous maps between polyhedra can be approxi-
mated by simplicial maps.

Let K be a simplicial complex. A subdivision of K is a simplicial complex
K’ such that

(a) The vertices of K’ are points of |K]|.

(b) If s’ is a simplex of K’, there is some simplex s of K such that s" C |s|
(that is, " is a finite nonempty subset of |s}).

(c) The linear map |K'| — |K| mapping each vertex of K’ to the corre-
sponding point of |K| is a homeomorphism.

Note that conditions (a) and (b) assert that every simplex s of K" has a
carrier s € K. If K’ is a subdivision of K, we identify |K’| and |K] by the linear
homeomorphism of condition (c). The following fact is immediate from the
definition.

1 Any subdivision of a subdivision of K is itself a subdivision of K. =
The next fact is also true (but somewhat more difficult to prove).

2 If K' and K" are subdivisions of K, there is a subdivision K" of K that
is a subdivision of K’ and of K. =

Thus, statements 1 and 2 assert that the subdivisions of K form a directed
set with respect to the partial ordering defined by the relation of subdivision.
3 Lemma Let K and K’ be simplicial complexes satisfying conditions (a)
and (b). If s € K is the carrier of s € K', then {s") C {(s).

PROOF Let vy, . . ., v} be the vertices of s and let vy, . . . , vy be the
vertices of the carrier s of s'. Because s’ C |s|, for 0 < i < p, vf = 2a;;.
Because s is the smallest such simplex, for 0 <j < g there exists 0 < i <p
such that a;; 5= 0. Let 8 € (s"). Then

B = ZBiwi = Z(ZPiy)v;

and because B; > 0 for all i, ;Biaij > 0 for all j. Therefore B8 € {s) and
(s C(sy. =
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4 THEOREM Let K’ and K be simplicial complexes satisfying conditions
(a) and (b). Then K’ is a subdivision of K if and only if for s ¢ K the set
{() |8 € K, {8y C (s)} is a finite partition of {s).

PROOF Assume that K’ and K satisfy conditions (a) and (b) and the condition
that {{s') |s" € K’, {s') C {s)} is a finite partition of {s) for s € K. Because
any simplex s € K has only a finite number of faces, it follows that

K'(s) = {8’ € K’ | there exists a face s; of s such that {s') C (s1)}

is a finite subcomplex of K’, and the linear map hy: |K'(s)] — |s| that maps
each vertex of K'(s) to itself is a homeomorphism. Therefore there is a contin-
uous map g: |K| — |K'| such that g||s| = hy"! for s € K, which is an inverse
of the linear map h: |[K’'| — |K|. Therefore h is a homeomorphism, and K" and K
satisfy condition (c).

Conversely, if K’ is a subdivision of K, then {s"|s’ € K’} is a partition of
|K’'| = |K|. For s € K, consider the sets (s’ M (s) for s’ € K’. By lemma 3,
either (s') N (s) = & or (s’) C (s). Therefore {(s')|s € K, (s') C (s)}
is a partition of (s). Because |s| is compact, it follows from corollary 3.1.19
that this set is a finite partition of (s). =

We use this result to show that any subdivision of K simultaneously
subdivides every subcomplex of K.

5 coroLLaRY Let K' be a subdivision of K and let L be a subcomplex
of K. There is a unique subcomplex L' of K’ which is a subdivision of L.

prooF If L’ is a subcomplex of K’ that is a subdivision of L, then
L' = {s’ € K'| {s’) C |L|}, which proves the uniqueness of L’. To prove the
existence of L’, we prove that {s’ € K’'| {(s') C |L|} has the desired properties.
It is clear that this set is a subcomplex L’ of K’ and that L’ and L satisfy con-
ditions (a) and (b) above. We use theorem 4 to show that L’ is a subdivision
of L. If s € L, by theorem 4 the set {{s’) | &' € K’, {(s’) C (s)} is a finite par-
tition of {s). By definition of L’,

{{sY |8 €K', (s Ty} = (&) |8 € L', (Y T{s)}
Therefore, by theorem 4, L’ is a subdivision of L. =
The subdivision L’ of L in corollary 5 is called the subdivision of L

induced by K’ and is denoted by K’ | L.
From the definition of subdivision two facts are immediate.

6 If f: |K| — X is linear on K and K’ is a subdivision of K, then f is also
linear on K'. m
7 If(K,L), f)is a triangulation of (X,A) and K’ is a subdivision of K, then
(K',K' | L), f) is also a triangulation of (X,A). =

For any simplicial complex we construct a particular subdivision, called

the barycentric subdivision. For this we need the following lemma, which
shows how to extend a subdivision of § to a subdivision of § for any simplex s.
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8 1EmMA Let s be a simplex of some complex and let K’ be a subdivision
of s. For any wo € (s), K' % wy is a subdivision of 3.

PROOF In the statement of lemma 8, wy is regarded as a simplicial complex
having a single vertex and K’ # wy is the join defined in example 3.1.7. It is
clear that K" # wy satisfies requirements (a) and (b) for a subdivision of 3. It
follows from lemma 3.2.2 that any point of |s| either equals wo, belongs to [§],
or belongs to a unique open simplex of the form (s’ U {wo}), where s' € K'.
Therefore the open simplexes of |K’ # wo| constitute a finite partition of |s|,
and by theorem 4, K’ # wy is a subdivision of 5. =

The subdivision of § obtained by applying lemma 8 is pictured below for
a 2-simplex s.

Wo

s = triangle and K’ = pictured subdivision of ~ K' * wo = pictured
its faces the boundary of the triangle triangles and their faces

We are now ready to prove the existence of the barycentric subdivision.
Let K be a simplicial complex. We define sd K to be the simplicial complex
whose vertices are the barycenters of the simplexes of K and whose simplexes
are finite nonempty collections of barycenters of simplexes which are totally
ordered by the face relation in K. Thus the simplexes of sd K are finite sets
{b(so), . . . ,b(sq)} such that s;_yis a face of s; fori =1, . . . , g. We shall
always assume the vertices of a simplex of sd K to be enumerated in this order.

It is clear that sd K is a simplicial complex and that if L is a subcomplex
of K, then sd L is a subcomplex of sd K. Furthermore, if b(s;) is the last
vertex of a simplex s € sd K, then " C |s,|, and since s, is the carrier of b(s),
sq is the carrier of s’. Therefore sd K and K satisty conditions (a) and (b).

9 rHeoreM sd K is a subdivision of K.

PROOF We show that sd K and K satisfy the hypotheses of theorem 4.
If s € K, then, by lemma 3 and the remarks above,

{ €sd K|(s"y C(s)} ={s € sd K]|last vertex of s’ = b(s)}
={s €sds|{s") CT{s)}

Therefore we need only show that sd § is a subdivision of § for any s € K. We
do this by induction on dim s. If dim s = 0, sd § = 5 is a subdivision of 5. For
g > 0, assume that sd §; is a subdivision of §; for every simplex s; with
dim s1 < g, and let s be a g-simplex. By the inductive assumption, sd § is a
subdivision of §. The definition of the barycentric subdivision shows that
sd § = sd s * b(s). By lemma 8, this is a subdivision of 5. =
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The subdivision sd K is called the barycentric subdivision of K. The
iterated barycentric subdivisions sd® K are defined for n > 0 inductively,
so that

sd® K = K
sd® K = sd (sd® 1 K) n>1

10 Lemma If L is a subcomplex of K, sd L is a full subcomplex of sd K.

PROOF Let {b(so), . . . ,b(sq)} be a simplex of sd K all of whose vertices
belong to sd L. Then s;_1 is a face of s; fori =1 . .. ,gandeachs; € L.
Therefore {b(so), . . . ,b(sq)} €sd L. =

11 cororLarYy Let (X,A) be a polyhedral pair. Then A is a strong deforma-
tion retract of some neighborhood of A in X.

PROOF Because of statement 7 and lemma 10, it suffices to consider the case
(X,A) = (|K|,|L|), where L is a full subcomplex of K. Let N be the largest
subcomplex of K disjoint from L. We prove that |L| is a strong deformation
retract of |K| — |N|. If a € |K| — |N], then, by lemma 3.1.10, either « € |L|
or there exist vertices vy, . . . , v, € L and vertices vy 1, . . ., g € N,
with 0 < pand p + 1 < g, such that a € {vg, . . . ,vy). In the latter case,
o = Docicq®ili, With @; > 0, and we define a = 2¢_; pa;. Then 0 < a < 1
and we let of = ay/afor0 <i<panday =a;/(1 —a)forp+1<i<gq.
Then a = aa’ 4+ (1 — a)a’/, where & = 2 ;pajv; is in |L| and o =
2 1<icq@)'vi is in |N|. A strong deformation retraction F: (Kl — |N|) X I —
|[K| — |N| of |[K| — |N] to |L| is defined by

P t_[a a€|Ll,tel
(@) =l 4+ (1= fa  aclK —(MUIL)tel

F is continuous because F||L| X I is continuous, and for any simplex of K of
the form s’ U s, where s’ € Land s’ € N, F|[|s’ U s”| N (|K| — |N))] X I
is continuous. =

Let X be a polyhedron and let U be an open covering of X. A triangula-
tion (K,f) of X is said to be finer than 9 if for every vertex v € K there is
U € QU such that f(stv) C U. A simplicial complex K is said to be finer than
an open covering A of |K| if the triangulation (K,1 k) of |K] is finer than
(that is, for each vertex v € K there is U € 9 such that st v C U). We show
that if 9 is any open covering of a compact polyhedron, there are triangula-
tions finer than AL

A metric on |K] is said to be linear on K if it is induced from the norm
in R* by a realization of K in R* Any finite simplicial complex has linear
metrics, and if K’ is any subdivision of K, a metric that is linear on |K] is also
linear on |K'|.

12 Lemma  Given a metric linear on an m-simplex s, then for any 8" € sd §

m
m+ 1

diam |s'| < diam |s|
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prooF Let {p;| 0 < j < m} be points of R* and assume that y is a convex
combination of {p;} (that is, y = Z¢;p;, where Z¢t; = 1 and t; > 0) and let
x € R™. Then

Ix = yll < llx = Ztpill = 124(x — p)ll < 2t5]x — pi]

Therefore ||x — y|| < sup [|x — pj||. If x is also a convex combination of {p;},
then |lx — y| < sup [pi — pjll.

Regard |s| as imbedded linearly in R®, with vertices po, p1, . . . , Pm.
Then, by the above result, diam [s| < sup ||p; — pjll, and if s’ is a simplex of
sd 5, diam |s'| < sup {||p" — p”’|| | p’, p”" € s'}. Therefore we need only show
that if p' = (po+ -~ +pg)/(g +1) and p”" = (po+ -+ +p)/(r+1),
where ¢ < 7, then ||p’ — p”’|| < [m/(m + 1)] sup ||pi — p;ll. Again by the
result above,

' —p’ll <sup {llpi —p"'II|0<i<q}
and also, for 0 <i < g,

= s Lo 1 .
s = P = llps = 57 2 pill S 57 2, el
< —L— sup [jpi — pill
— T+ 1 p pl p]
Therefore
lp — p’| < ——sup {|pi — pi |10 <i<q,0<j<r}

r+1

T .
< m diam |S1

Because r < m, r/(r + 1) < m/(m + 1) and diam |s'| < [m/(m + 1)] diam |s|. =
Given a metric on |K|, we define mesh of K by

mesh K = sup {diam |s| | s € K}

13 coroLLary If K is an m-dimensional complex and |K| has a metric
linear on K, then

mesh (sd K) < — 1 mesh K =

m +

This gives us the important result toward which we have been heading.

14 THEOREM Let 9 be an open covering of a compact polyhedron X. Then
X has triangulations finer than

PROOF Let (K,f) be a triangulation of X. We shall show that there exists an
integer N such that if n > N, then (sd* K, f) is finer than L Let |K]| be pro-
vided with a metric linear on K and let ¢ >> 0 be a Lebesque number of the
open covering f~19 = { f"1U| U € Q} with respect to this metric [thus, if
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A C |K| and diam A < &, then f{A) is contained in some element of ?]. Such
a number ¢ > 0 exists because |K| is compact. Let m = dim K and choose
N so that [m/(m + 1)} mesh K < &/2 (such an N exists because lim,_.
[m/(m 4+ 1)]* = 0). If n > N, then, by corollary 13, mesh sd® K < ¢/2. If ¢
is any vertex of sd* K, diam (st v) < 2 mesh sd® K < e. Therefore f(st v') is
contained in some element of A, and (sd” K, f) is finer than A if n > N. =

This last result is true even if X is not compact. More precisely, if (K,f)
is a triangulation of a polyhedron X and @l is an open covering of X, there
exist subdivisions K’ of K such that (K',f) is finer than Q1.1 However, when X
is not compact K’ cannot generally be chosen to be an iterated barycentric
subdivision of K, and so the proof for this case is more complicated than the
proof of theorem 14. We need only the form proven in theorem 14, however,
and so omit further consideration of the more general case.

4 SIMPLICIAL APPROXIMATION

A continuous map between the spaces of simplicial complexes can be suitably
approximated by simplicial maps. This section contains a definition and
characterization of the approximations and a proof of their existence for maps
of a compact polyhedron into any polyhedron. Finally, we apply the result
obtained to deduce some connectivity properties of spheres.

Let K; and K3 be simplicial complexes and let f: |Ky| — |K3| be contin-
uous. A simplicial map ¢: Ky — Ky is called a simplicial approximation to f if
fle) € (s2) implies [@|(a) € |s2] (or, equivalently, fla) € |so| implies |p|(a) € |s2|)
for a € |K¢| and s2 € K. Note that if v is a vertex of K; such that f{v) isa
vertex of Ko, then |p|(v) = f{v). Therefore we obtain the following result.

1 vLemMA Let f: |[Ky| — |Kz| be a map and suppose that for some subcom-
plex Ly C Ky, f||L1| is induced by a simplicial map L1 — K, If
¢: Ky — K3 is a simplicial approximation to f, then |@| | |Li| = f||Ly|. ™

In particular, the only simplicial approximation to a map |@|: [Ky| — |K3|
induced by a simplicial map ¢: K; — K3 is ¢ itself. One sense in which
a simplicial approximation is an approximation is the following.

2 1emma Let ¢: Ky — Ky be a simplicial approximation to a map f:
|K1| — |K2| and let A C |K1| be the subset of |K1| on which || and f agree.
Then |@| ~ frel A.

PROOF A homotopy relative to A from |¢| to f is defined by the equation
Flat) = tfla) + (1 — t)(lgl(@)  ac|Ki, t€l

1 See theorem 35 in J. H. C. Whitehead, Simplicial spaces, nucle1, and m-groups, Proceedings of
the London Mathematical Society, vol. 45, pp. 243-327 (1939).
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The right-hand side is well-defined, because if fla) € (s2), then |p|(a) € |s2],
and so F(a,t) € |so| for t € I. The continuity of F is easily verified. Clearly, if
a € A, then Flo,t) = f(e) for all £ € I. Therefore F: |p| = frel A. =

The following theorem is a useful characterization of simplicial approxi-
mations.

3 THEOREM A vertex map ¢ from Ky to Ky is a simplicial approximation
to f: |Kq| — |Kz| if and only if for every vertex v € Ky

flst v) C st @(v)

PROOF Assume that ¢ is a simplicial approximation to f. Let « € st v and
Suppose fla) € {s2). Then a(v) 7 0 and |pl(a) € |s2|. Because ¢ is simplicial,
lp|(a)(p(v)) 7= 0. Therefore (v) is a vertex of |sz|, and fla) € st ¢(v). Since
this is so for every a € st v, f(st v) C st @(v).

Conversely, assume that ¢ is a vertex map such that f(st v) C st g(v) for
every vertex v € Ky. We show that ¢ is a simplicial map. If {v;} are vertices
of a simplex of Ky, then M st v; # & (by lemma 3.1.25) and

D f(N stog) C N flsto) TN st g(ey)

By lemma 3.1.25, {¢(v;)} are vertices of some simplex of K;. Therefore ¢ is
a simplicial map K; — Ko.

To show that @ is a simplicial approximation to f, assume a € {s1) and
fla) € {sz) and let v be any vertex of s1. Then o € st v and, by hypothesis,
fla) € st @(v). Therefore ¢(v) is a vertex of so. This is so for every vertex v of
s1. Because @ is simplicial, |g|(Js1]) C [s2|. Hence |p|(a) € |s2f, and ¢ is a
simplicial approximation to f. =

We are also interested in simplicial approximations ¢: (Ky,L1) — (Ka,Ls)
to maps f: (|K1|,|L1]) — (|K2|.|L2|). The following corollary shows that any
simplicial approximation K; — Ky to a map f: (|Ki|,|L1]) — (|K2|,|Lso|) is
automatically a simplicial approximation when regarded as a map of pairs.

4  coroLLARY Let f: |[Ki| — |Ks| be a map such that f(|L1|) C |Lsg| for
Ly C Ky and Ly C Ky and let ¢: Ky — K be a simplicial approximation to
f- Then @ | Ly maps Ly to Ly and is a simplicial approximation to f| |L4|.

PROOF By theorem 3, it suffices to show that if v is a vertex of Ly, then ¢(v)
is a vertex of Ls such that

f(St v N iLﬂ C st (P ﬁ |L2|

Since @ is a simplicial approximation to f, f(st v) C st ¢(v), and if v is a vertex
of Ly, then f(v) € {s2) for some s3 € Ly [because f(|L1|) C |Lz|]. Therefore
@(v) is a vertex of Ls and

flstv N |Ly]) C flstv) N |Ly| C stplv) N |Ly| =

It follows from corollary 4 that any simplicial approximation to a map



128 POLYHEDRA CHAP. 3

f+ (JK1|,|L1]) — (|Kz|,|Le2|) is a simplicial map ¢: (K1,L;) — (Kgz,Lz). From
lemma 2, it follows that f ~ || as a map of pairs.

5 cororLLARY The composite of simplicial approximations to maps is a
simplicial approximation to the composite of the maps.

proOF Let ¢: K; — K3 be a simplicial approximation to f: [K1| — |K2| and
let Y: K — K3 be a simplicial approximation to g: |Kz| — |K3|. Then,
by theorem 3, for a vertex v € Ky

gfist v) C glst g(v)) C st Yo(v)
and Y: K; — Kj is thus a simplicial approximation to gf: |[Ki| — |K3|. =

Theorem 3 leads to the following necessary and sufficient condition for
the existence of a simplicial approximation to a map.

6 THEOREM A map f: Ky — |Ko| admits simplicial approximations
K; — K if and only if Ky is finer than the open covering { (st v) |vis a
vertex of K }.

PROOF By theorem 3, there exist simplicial approximations to f if and only
if for each vertex vy € K there is a vertex vy € K such that st vy C f~1(st vy).
This is equivalent to the condition that K; is finer than {f~st v)) vE K,. =

If K’ is a subdivision of K, then for vertices v' € K’ and v € K
v €Estgv sty v/ Cstgo
Combining this fact with theorem 3 yields the following corollary.

7 coroLLARY Let K’ be a subdivision of K. A vertex map ¢ from K’ to K
is a simplicial approximation to the identity map |K’'| C |K| if and only if
v’ € st p(v') for every vertex v’ € K'. =

In particular, if K is a subdivision of K, there exist simplicial approxima-
tions K — K to the identity map |K'| C |K|. Combining theorems 6 and
3.3.14 and corollary 4, we obtain the following simplicial-approximation
theorem.

8 tHEOREM Let (K1,Ly) be a finite simplicial pair and let f: (|Ky|,|L4]) —
(IKz|,|L2|) be a map. There exists an integer N such that if n > N there are
simplicial approximations (sd» Ky, sd» L;) — (Ko, Lp) to f. =

As remarked at the end of Sec. 3.3, theorem 3.3.14 is also valid for an
arbitrary polyhedron X. Therefore, if K, is arbitrary and f: |K;| — |Ky| is a
map, there exists a subdivision Ki of K; and a simplicial approximation
K1 — Kj to f: |[Kj| — [K3|. If K; is not finite, however, K{ cannot generally
be taken to be an iterated barycentric subdivision of Kj.

® EexampLE If § is the complex consisting of all proper faces of a 2-simplex s,
then |§| is homeomorphic to S!, and therefore [|$;|$|] is an infinite set.
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Because § is a finite complex, there are only a finite number of simplicial maps
sd” § — § for any n. Therefore for any n there exist maps |§| — |§| having no
simplicial approximation sd® § — s.

10 exampLE Let § be as in example 9 and let its vertices be v, v1, v2. De-
fine f: |§] — |$] to be the map linear on sd § such that

flvo) = b{vo,01} flvr) = b{v1,02} flvz) = b{v2,00}
flb{vo,01}) = v1 f(b{v1,02}) = v2 fib{v2,00}) = vo

Then f ~ |1;|, but there is no simplicial approximation § — § to f. There are
exactly eight simplicial approximations ¢: sd § = § to f [¢ is unique on b{ve,v},
b{v1,02}, and b{vz,v0}, and @(ve) = vg or v1, P(v1) = vy OF vz, and @(vz) = vz
or vg).

As an application of the technique of simplicial approximation, we
deduce the following useful result.

11 tHEOREM S"is (n — 1)-connected for n > 1.

prROOF By theorem 1.6.7, it suffices to prove that if m <n, any map
Sm — §7 is null homotopic. Let s; be an (m + 1)-simplex and s, an (n + 1)-
simplex. Then S™ and S* are homeomorphic, respectively, to |$;| and |$;]. By
theorem 8 and lemma 2, it suffices to show that if ¢: sdi §; — $2 is any
simplicial map, then |¢| is null homotopic. Because dim (sdi $1) = m <n, ¢
maps sdi §; into the m-dimensional skeleton of s;. Therefore there is some
a € |§z| such that

lpl(sd? $1l) C [$2f — @
Because [s2] — a is homeomorphic to S* minus a point, which is homeomor-
phic to R~ it is contractible. Therefore |¢| is null homotopic. =
In particular, we have the following result.

12 cororLarY Forn > 1, S*is simply connected. ®

Because S is locally path connected, corollary 12 and the lifting theorem
imply that any continuous map f: §* — S can be factored through the covering
map ex: R — S1. Since R is contractible, this implies the following corollary.

13 coroLLarRY Forn > 1any continuous map S"—> St is null homotopic. =

5 CONTIGUITY CLASSES

In the last section it was shown that any continuous map between the spaces
of simplicial complexes has simplicial approximations defined on sufficiently
fine subdivisions of the domain complex. In general, simplicial approximations
to a given continuous map are not unique, and in this section we investigate
this nonuniqueness.
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We shall define an analogue of homotopy, called contiguity, in the cate-
gory of simplicial pairs and simplicial maps. Different simplicial approxima-
tions to the same continuous map will be shown to the contiguous. The main
result of the section is the existence of a bijection between the set of homo-
topy classes of continuous maps (from the space of a finite simplicial complex
to the space of an arbitrary complex) and the direct limit of a certain sequence of
contiguity classes of simplicial maps.

Let (Ki,L;) and (Ks,Ls) be simplicial pairs. Two simplicial maps ¢,
¢’: (K1,L1) — (K2,L2) are contiguous if, given a simplex s € Ky (or s € L),
¢(s) U ¢'(s) is a simplex of K; (or of Lj). Obviously, this is a reflexive and
symmetric relation in the set of simplicial maps (Ki,L1) — (Kz,L2), but
in general it is not transitive. There is, however, an equivalence relation,
denoted by ¢ ~ ¢’, in this set of simplicial maps that is defined by ¢ ~ ¢ if
and only if there exists a finite sequence @o, @1, . . . , @ such that o = ¢
and ¢, = ¢’ and such that ¢;_; and ¢; are contiguous fori = 1,2, . . . , n.
The corresponding equivalence classes are called contiguity classes, and the
set of contiguity classes of simplicial maps from (Ky,L1) to (Kg,Lz) is denoted
by [K1,L1; Ka,Ls]. If @: (K1,L1) — (K2,L») is a simplicial map, its contiguity
class is denoted by [¢].

We shall see that contiguity classes are algebraic analogues of homotopy
classes. We begin by showing that contiguity classes can be composed.

1  rLemMma Composites of contiguous simplicial maps are contiguous.

PROOF  Assume that ¢, ¢: (Ky,L1) — (Kg2,L3) are contiguous and i, "
(Kg,L2) — (K3,L3) are contiguous. If s is a simplex of Ky (or Ly), @(s) U ¢(s)
is a simplex of K, (or Lj3). Therefore

Y(e(s) U ¢'(s)) U ¥ ((s) U ¢'(s))
is a simplex of K3 (or Lgz). This implies that the subset yg(s) U ¢'¢'(s) is
a simplex of K3 (or L3) and that Y, ¢'¢": (Ky,Li) — (Ks,L3) are contig-
uous. ®

It follows easily from lemma 1 that if ¢ ~¢" and ¢ ~y’, then
Yo ~ Y@’ ~ J'¢’. Therefore there is a well-defined composite of contiguity
classes

[¥] ° [o] = Vo]

for (K,L1) % (K2,L3) LN (K3,L3). Thus there is a contiguity category whose
objects are simplicial pairs and whose morphisms are contiguity classes
of simplicial pairs. There are full subcategories of the contiguity category
determined by the pairs (K, @) or by the pointed simplicial complexes.

2 emma  Contiguous simplicial maps which agree on a subcomplex
define continuous maps which are homotopic relative to the space of the
subcomplex.
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PROOF Assume that ¢, ¢': (K{,Lq) — (K2,L2) are contiguous and agree on
L C K. Define a homotopy F: ([Ki| X L |Li| X I) = (|Ka|,|L2|) rel |L| from
|| to |¢’| by the equation

Flat) = (1 = t)(lel(@) + lg'l(e))  ac|Kyftel =

Since homotopy is an equivalence relation, if ¢ ~ ¢, then || ~ |¢|.
Therefore we have the following result.

3 cororLLaRY There is a covariant functor from the contiguity category
of simplicial pairs to the homotopy category of topological pairs which
assigns to (K,L) the pair (|K|,|L|) and to [¢] the homotopy class [|¢|]. =

The next result considers different simplicial approximations to the same
continuous map.

4 remma  Two simplicial approximations (Ky,L1) — (Ka,L2) to the same
continuous map are contiguous.

PROOF Let ¢, ¢": (Ky,L1) — (Ks,Lg) be simplicial approximations to f:
(|K4},|L1|) = (|K2|,|L2|) and let {v;} be a simplex of K. Then M st v; %= &,
and by theorem 3.4.3,

@ #= AN sty;) C Nfist o) T N (st plvy) N st ¢'(vy))

Therefore {@(v;)} U {@'(v;)} is a simplex of Ko. If {v;} is a simplex of Ly, a
similar argument shows that {@(v;)} U {@'(v;)} is a simplex of Ly. Therefore
¢ and ¢’ are contiguous, ®

Since it was necessary to subdivide in order to obtain simplicial approxi-
mations to arbitrary continuous maps, we should also expect to subdivide to
make contiguity classes correspond to homotopy classes. An example will
illustrate the relation between homotopy and contiguity.

3 EXAMPLE Let s be a 2-simplex with vertices vg, v1, vz and let Ky = K, = 5.
Any vertex map from K; to K; is a simplicial map. Therefore there are
exactly 27 simplicial maps K; — Kj. Of these 27, there are 21 which map K,
into a proper subcomplex of K, and these constitute one contiguity class. Of
the remaining 6, each is the only element of its contiguity class, the 3 even
permutations of the vertices defining homotopic continuous maps correspond-
ing to one generator of the group

[IK1 Kol = [S1,SY = Z

and the 3 odd permutations corresponding to the other generator of this
group. Therefore [K;K2] consists of 7 elements, and the image

[K1:K2] — [|K1f;|Kzl]
consists of 3 elements.

This example shows that simplicial maps which define homotopic con-
tinuous maps need not be in the same contiguity class. The next result shows
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that a finite simplicial complex can be subdivided so that homotopic simplicial
maps from it to some other complex can be simplicially approximated on the
subdivision by maps in the same contiguity class; it is the analogue for
homotopy of the simplicial-approximation theorem.

6  tHEOREM Let f, f': (|K4|,|L1|) — (|K2|.|L2|) be homotopic, where Ky is
finite. Then there exists N such that f and f’ have simplicial approximations

P, (P’Z (SdN K], sd¥ L1> — (Kg,Lz)
respectively, in the same contiguity class.

PrROOF Let F: (|Ky| X I, |L1| X I) — (]K2|,|L2|) be a homotopy from f to f'.
Because |K| is compact, there exists a sequence 0 = o <t; < -+ <, = 1
of points of I such that for & € |[Ky|andi = 1, 2, . . . , n there is a vertex
v € K3 such that F(a,t;_1) and F(a,t;) both belong to st v. Let fi: (|K4|,|L41|) —
(|K2l, |L2|) be defined by fi(a) = F(a,t;). Then f = fo and f’ = f,, and for
i=12, . , n the set

QU = { fi"(st v) ﬂf@ (st v) | v € Kq}

is an open covering of |K;|. Let N be chosen large enough so that sd¥ K is
finer than AU, A, . . ., WU, (which is possible, by theorem 3.3.14). For
i=1,2, ..., nlet g; be a vertex map from sd¥ K; to Kz such that

fi(st v) U fi_1(st v) C st g;(v)

for each vertex v € Ky (such a vertex map ¢; exists because sd¥ K; is finer
than QL;). By theorem 3.4.3,

@i (SdN Kl, sd¥ Ll) — (Kz,Lz)

is a simplicial approximation to f; and to fi_i. Because @; and ¢;,; are
simplicial approximations to f;, it follows from lemma 4 that ¢; and ¢;, are
contiguous for i = 1, 2, . . . , n — 1. Therefore ¢; ~ @,, and also @y is a
simplicial approximation to fo = f and ¢, is a simplicial approximation to
fo=f.

Unlike the simplicial-approximation theorem, this last result is definitely
false if Ky is not a finite simplicial complex. That is, given homotopic maps
f, '+ |Ki] — |Kz|, there need not be a subdivision K} of K; such that f and f’
have simplicial approximations Kj — K in the same contiguity class.

7 ExamPLE Let Ky = K; equal the simplicial complex of example 3.1.8,
with space homeomorphic to R. Let ¢: K1y — K3 be the identity simplicial
map and ¢": Ky — K3 be the constant simplicial map sending every vertex of
K to the vertex 0 of K». Since R is contractible, |p| ~ |¢'|. However, if Kj is
any subdivision of K, a simplicial approximation y: Ki — K to |¢| must be
surjective to the vertices of Ky and a simplicial approximation ¢": K — K,
to |@’| must be the constant map to 0. Since two contiguous maps Kj — Ky
either both map onto a finite set of vertices or neither does, ¢ and ' are not
in the same contiguity class.
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We show that if K; is finite the set of homotopy classes of maps
[|K4],|L1]; |K2l|,|L2|] is the direct limit of the set of contiguity classes

[Sd" Kl, Sd" Ll; K2,L2]

Note that simplicial approximations (sd Ky, sd Ly) — (Ky,L) to the identity
map (]sd Ky}, |sd L1|) C (]K4|,|L1]) exist, by corollary 3.4.7, and any two are’
contiguous, by lemma 4. Because the composites of contiguous simplicial
maps are contiguous by lemma 1, there is a well-defined map

Sd: [Kl,Ll; KQ,LQ] e [Sd Kl, Sd Ll; KQ,LQ]
defined by
sdl] = [@A]

where A: (sd Ky, sd L;) — (Ky,Ly) is any simplicial approximation to the.
identity (|sd K|, {sd L1}) C (|[K1],|L1]) and ¢: (K1,L1) — (K3,L2) is an arbitrary
simplicial map. By iteration there is obtained a sequence

- - [Sdn Kl, Sdn Ll; KZ,LZ] &) [Sdn+1 Kl, Sd””‘1 Ll; Kz,LQ] —> e

which begins with [Ky,Lq; Ks,Lo] on the left and extends indefinitely on the
right. The direct limit lim_, {[sd® K4, sd® Ly; Ko,L2]} is a functor of two argu-
ments contravariant in (Kq,L;) and covariant in (Kg,Lg). For finite Ky this
functor is naturally equivalent to the functor {|Ki|,|L1|; [Kal,|Lal].

8 tHEOREM If Ky is a finite simplicial complex, there is a natural
equivalence

>

lim., {[sd" Ky, sd® Ly; Ko,Lg]} = [|K1|,|L1}; |Kal,|Lgl]

PROOF A function from the direct limit to [|Ky|,|Ly}; |Kal|,|L2|] consists of a
sequence of functions

fni [Sd" K;, sdn Ly; Kz,Lz] —> [lKluLl‘; lKQI,iLZH

for n > 0 such that f, = fai1 ° sd for n > 0. Such a sequence f,, is defined
by fule] = [jol] for @: (sd® Ky, sd” Ly) — (Ka,Ls), because if

Ap: (sdvt1 Ky, sd®t1 L) — (sd® Ky, sdn Ly)
is a simplicial approximation to the identity map
(Jsdr* 1Ky, [sd"*1Ly|) C (|sd”K4|, |sdmLy|)
then, by lemma 3.4.2, |A,| ~ 1, and
Jre1 sdle] = [loAnl] = [le[] = fale]
The sequence { f,} defines a natural transformation
filim,, {[sd® Ky, sd® Ly; Kg,La]} — [|Ky|,|L1]; [Ka|,|Le|]

and we show that f is a bijection.
It follows easily from the simplicial-approximation theorem that { f,}
satisfies (a) of theorem 1.3 of the Introduction; for if g: (|Ky|,|L1|) — (|K2|,|L2|)
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is a map and @: (sd” Ky, sd® L;) — (Kp,Ly) is a simplicial approximation to g,
then |¢p| ~ g, and

fulel = [loll = [g]

To show that { f,,} satisfies (b) of theorem 1.3 of the Introduction, assume
(628 (;D’: (Sdn Kl, sdn L1> -—> (KQ,LQ)

are such that |p| ~ |¢’|. By theorem 6, there exists m > n such that || and
|¢’| have simplicial approximations

'4/, ll/,l (Sdm Kl, sdm Ll) —> (Kz,Lz)
in the same contiguity class. Let
>\m,n5 (Sdm Kl, sdm L1> —> <Sdn Kl, sdn Ll)

be the composite Ay y = Ay Apy1 -+ - Ap_1. Then Ay, is a simplicial approxi-
mation to the identity map, and because ¢ is a simplicial approximation
to |pl, PAm,s is also a simplicial approximation to |¢|, by corollary 3.4.5. By
lemma 4, A, , is contiguous to Y. Similarly, ¢’A,, ,, is contiguous to ¢/. Since
Y and ¢/ are in the same contiguity class, so are A, , and @'\, . This means
that sd™ "[p] = sdm "[¢’] in [sd™ Ky, sd™ Ly; K3,L]. =

For finite K; the last result furnishes an algebraic description of the set
[|K1|,|L1]; |K2},|L2|]. As an application, note that if K is a countable complex,
there are only a countable number of simplicial maps (sd® Ky, sd® L;) —
(Kg,Lo) for n > 0. Therefore [sd” Ky, sd* Ly; Ks,L5] is countable for n > 0.
Because the direct limit of a sequence of countable sets is countable, we
obtain the following result.

9 cororLary Let (X,A) and (Y,B) be polyhedral pairs with X compact
and Y the space of a countable complex. Then [X,A; Y,B] is a countable set. =

6 THE EDGE -PATH GROUPOID

It was shown in the last section that for finite Ky, [|Ky|;|K2|] is describable as
a limit in which K} is subdivided but Kj is not. In particular, for any simplicial
complex K the set of path classes of |K| from vy to vy is determined by the
simplicial structure of K. This is made explicit in the present section, where
we define a simplicial analogue of the fundamental groupoid of a space. In
the next section the fundamental group of a polyhedron is presented in terms
of generators and relations.

An edge of a simplicial complex K is an ordered pair of vertices (v,0")
which belong to some simplex of K. The first vertex v is called the origin of
the edge, and the second vertex v’ is called the end of the edge. An edge path
{ of K is a finite nonempty sequence eqe; - - - e, of edges of K such that end
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e =orige;,fori=1, ... ,r— 1. We define orig { = orig e; and end { =
end ¢, A closed edge path at vy € K is an edge path { such that orig { =
vp = end §{. If §; and {, are edge paths of K such that end {; = orig {», we
define the product edge path {:1{» to be the edge path consisting of the
sequence of edges of {; followed by the sequence of edges of {;. Then
orig {1{2 = orig {; and end {1{2 = end {s. It is clear that if end {; = orig {»
and end {» = orig {3, then {1({2{3) = ({1{2)§s. The product of edge paths thus
satisfies associativity; however, there are no left or right identity elements for
the product. To obtain a category (as was done for paths in a topological
space) it is necessary to define an equivalence relation in the set of edge paths
of K.

Two edge paths { and {" in K are simply equivalent if there exist vertices
v, v', and v”" of K belonging to some simplex of K such that the unordered
pair {{.,{'} equals one of the following:

The unordered pair {(v,v"), (0,0")(v",0")}
The unordered pair {{(v,v") §1(v v')(v',
with end {; = v

The unordered pair {(v,0”){2, (v,0")(v",0")§2} for some edge path {5 in K
with orig {» = v

The unordered pair {{1(v,0”)§2, {1(v,0")(v',0") §2} for some edge paths
{1 and {7 in K with end {; = v and orig {2 = v”

'~ ~

//

v"")} for some edge path {1 in K

Two edge paths { and {’ will be said to be equivalent, denoted by { ~ {,
if there is a finite sequence of edge paths {5, {1, . . . , {nsuch that { = {o
and {’ = {,, and {;_; and {; are simply equivalent for i = 1, . . . , n. This
is an equivalence relation, and the following statements are easily verified.

1§~ { implies that { and {' have the same origin and the same end. =
2 {~{, e~ {kandend {; = orig {s imply {18z ~ {1{5. =
3  Iforig{ = vy and end { = vy, then (V1,01){ ~ § ~ {(v2,02). =

If ¢ is an edge path, [{] denotes its equivalence class. It follows from
statement 1 that orig [{] and end [{] are well-defined (by orig [{] = orig {
and end [{] = end {). From statement 2 there is a well-defined composite

[§1] © [$2] = [§12] defined if end {; = orig {,. We then have the following
simplicial analogue of theorem 1.7.7.

4  THEOREM There is a category &(K) whose objects are the vertices of K
and whose morphisms from vy to vy are the equivalence classes [{] with
orig [{] = vo and end [{] = vy and whose composite is [{1] ° [{2].

PROOF The existence of identity morphisms follows from statement 3, and
the associativity of the composite is a consequence of the associativity of the
product of edge paths. =

We now show that &(K) is a groupoid. If e = (v,0') is an edge of K, we
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define e7! = (v',v), and if { = e --- e, is an edge path in K, we define
{71 =¢,1... e; L The following statements are then easily verified.

5 Ht=¢( =

6 orig{!l=end{andend{! =orig{. =

7 {1~ §oimplies {171~ (7t m

8 Iforig{ =vyandend { = vs, then {{™1 ~ (v1,v1) and {71 ~ (vg,v2). ®

It follows that in &(K), [{71] = [§]71, and so &(K) is a groupoid. This
groupoid is called the edge-path groupoid of K. If vy is a vertex of K, the
operation [{] ° [{'] in the set of elements of &(K) with origin and end at v
gives a group denoted by E(K,w) and is called the edge-path group of K with
base vertex vo.

To compare &(K) [and E(K,v0)] with %(|K]) [and 7(|K]|,v0)], for r > 1 let
I, denote the subdivision of I into r equal subintervals; that is, I, is the

simplicial complex
= (o< ol 4
T T r
Given an edge path { = ey - - - e, in K with r edges, let ¢: I, — K be the sim-
plicial map defined by

(i)_{origeHl 0<i<r-—1
P\T) = end e; 1<i<r

1gigr}

Then |p|: I — |K| is a path in |K|, and it is easily seen that the following
statements hold.

® orig ¢ = orig{andend |p] =end {. =
10 ¢ ~ ¢ implies o] ~ |py| rel I. =
L1 Ifend {1 = orig {2, then |ggg| = |oy| * pg,| rel . ®

It follows that there is a natural transformation p from &(K) to 9(|K])
which assigns to v € K the point v € |K| and to a morphism [{] in &(K) the
morphism [|g(|] in P(]K|). We shall prove that for vertices vo, v1 € K, pis a
bijection

p: homg (v1,00) = homy (0v1,v0)

This can be obtained from theorem 3.5.8, but there is also a direct proof
(which seems no longer than a proof based on theorem 3.5.8).

12 temma For any vo, v1 € K the function
p: homy; (v1,00) — hom,; (v1,00)
is surjective.

PROOF Given a path w: I — |K| from vg to vy, because I = |I4], it follows
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from theorem 3.4.8 that there is a simplicial map
@: sd® [; — K

which is a simplicial approximation to w. Since sd® I; = I, there is an edge
path { = e1 - - - eon defined by e; = (@((i — 1)/27), ¢(i/2")) such that ¢ = ¢,
for this {. Because ¢(0) = w(0) and ¢(1) = w(1), it follows from lemma 3.4.2
that || ~ w rel I. Therefore [w] = [|p|] = [jo;]] = p[¢]. =

We shall need some preliminary lemmas before showing that p is injective.

13 rLemma For any simplex s two edge paths in § with the same origin and
the same end are equivalent.

prRoOF It suflices to prove that if { is any edge path in § from orig { = v and
end { = v, then { is equivalent to the edge path consisting of the single edge
(v,0"). This is proved by induction on the number of edges of {. =

14 LemMma Let { and {’ be edge paths in K, each with r edges, such that
@, 91 I = K are contiguous. Then § ~ {'.

PROOF Let{ = ey --. ¢, where e; = (vi_1,0:), and let {’ = e} - - - e;, where
e; = (vi_,vf). For 0 <i <r let & = (uv;,0]) (this is an edge of K because
@; and @, are contiguous). From the definition of equivalence

5.5 -1p 5 ~—1
{ ~ e12181 texey - - - &, e,

Because @; and ¢ are contiguous, for each 1 < i < r there is some simplex
s; of K such that e;, e, &_4, and ¢; all are edges of 8. By lemma 13, e12; ~ ¢}
and & %e;é; ~ e} for 2 < i <7 — 1, and &, 4e, ~ e. Therefore

61@1_6;162é2 ce ér_}ler ~eey e =¢ =
15 LemMa Let §{ = ey - - - e, be an edge path of K and let \: Iy, — I, be a

simplicial approximation to the identity map |Iy,| C |I,|. Then @\ = gy
Iy — K for some {’ = ¢} - epyand { ~ (.

PROOF Let ¢; = (v;_1,0;) for 0 < i < 7. Then eb;_1e5; = (v;_1,0:)(6;.0;) for
a vertex ¢; which equals either v;-; or v. By lemma 13, eji-.el ~ e and
~¢§ =

We are now ready for the main result on the edge-path groupoid.
16 THEOREM For vertices v, v1 € K the function

p: homg (v1,00) — homg (v1,00)

is a bijection.
PROOF In view of lemma 12, it only remains to prove that p is injective.
Assume that { and {’ are edge paths from vy to vy such that el =~ |y el L.

By juxtaposing trivial edges (v1,0;) at the end of { or ¢’ sufficiently often, we
can replace { and {’ by equivalent edge paths having an equal number of
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edges. Hence there is no loss of generality in assuming { and {’ both to have r
edges. Then ¢, gi: I, — K are such that |q;| ~ |p,| rel [. By theorem 3.5.6,
there exists m such that if A: sd™ I, — I, is a simplicial approximation to the
identity, then @A and @¢A are in the same contiguity class. Now @A = ¢,
and @A = @ for edge paths {4 and {7 in K. By lemma 15 (and induction
on m), { ~ {; and {’ ~ {1. From lemma 14 it follows that {; ~ {j. Therefore
{~¢. =

If ¢: Ky — Kz is a simplicial map, there is a covariant functor
¢, 6(K1) — &(Kz) defined by

where, if { = (vo,01)(v1,02) - -+ (vy-1,0r), then @§) = (p(vo),p(v1)) - - -
(@(vr_1),9(vy)). It is trivial to verify that commutativity holds in the square

(K1) —= G(Ky)

A b

l¢]=

WKy ]) —— N([Kz])
Therefore we have the following result.

17 coroLrLarY On the category of pointed simplicial complexes K with
base vertex vy, p is a natural equivalence of the covariant functor E(K,v)
with the covariant functor n(|K|,v0). ™

Note that &(K) is determined by the 2-skeleton of K; that is, the edge
paths of K are determined by pairs of vertices of K which are vertices of a
simplex, and the equivalences between edge paths are determined by triples
of vertices which are vertices of a simplex. Hence &(K2) =~ &(K).

18 coroLLARY For any pointed simplicial complex (K,v0), the inclusion
map K2 C K induces an isomorphism

(|K?,00) = 7(|K|,vo) ™

If s is a simplex of K, any two of its vertices belong to the same com-
ponent of &(K). Therefore the components {E;} of &(K) define a partition
of K into subcomplexes {K;}, called the components of K, defined by
K; = {s € K| s has some vertex in E;}. K is said to be connected if it contains
exactly one component.

19 theorREM If {K;} are the components of K, then {|Kj|} are the path
components of |K|.

proOF If v is a vertex of K, then st v is path connected and so belongs to
the same path component of |K| as v. It follows from theorem 16 that two vertices
of K are in the same component of %(|K|) if and only if they are in the same
component of &(K). Therefore, if {E;} is the set of components of &(K), the
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path components of |K| are the sets {P;} defined by P, = U{st v|v € E;}.
Clearly, P]' = iKJI L

7 GRAPHS

We show how a system of generators and relations for the edge-path group
E(K,v0) can be determined. This provides a method for finding generators
and relations of the fundamental group of a polyhedron. Since every edge
path of K is an edge path of the one-dimensional skeleton of K, we start with
a description of the edge path group of a one-dimensional complex.

A one-dimensional simplicial complex is called a graph. A tree is defined
to be a simply connected graph.

1  LEMMA A graph is a tree if and only if it is contractible.

PROOF Since a contractible space is simply connected, a contractible graph
is a tree. Conversely, let K be a tree and let «g be a point of |K|. We shall de-
fine a homotopy F: |K| X I — |K| from the identity map 1 of |K| to the con-
stant map ¢ of |K| to ao. Since |K| is path connected, for each vertex v of K
there is a path w, in |K| from v to ap. We now define F on v X [ by F(v,f) =
wy(t). For every l-simplex s of K the map F is defined on the subset
(Is| X 0) U (Is] x 1) U (|| x I) of |s| x I. Since |K] is simply connected and
(Is| X I, (Is] x 0) U (js] x 1) U (|$] X I)) is homeomorphic to (EZ2S1), it
follows that F can be extended over |s| X I. In this way we obtain a map
F: |K| X I — |K]| whose restriction to each |s| X I is continuous. Then F is
continuous and F: 1 ~¢. =

2 wemma Let K be a connected simplicial complex. Then K contains a
maximal tree, and any maximal tree contains all the vertices of K.

PROOF The collection of trees contained in K is partially ordered by inclu-
sion. Let {K;} be a simply ordered set of trees in K and let T = UK;. We
show that T is a tree. Since K; is one-dimensional, T is one-dimensional.
Since {K;} is a simply ordered set of trees, it follows that any finite subcom-
plex of T is contained in some K;. To show that T is simply connected, let f:
St — |T|, where i = 0 or 1. Then f(S?) is compact and is therefore contained
in |K;| for some j. Since |Kj| is simply connected, the map f: St — |K;| can be
extended to a map f": Ei*1 — |K;| C |T|, and |T| is simply connected.

As a result, every simply ordered set of trees in K has a tree as upper
bound. Zorn’s lemma can be applied to yield a maximal tree in K. If T'is a
maximal tree of K and does not contain all the vertices of K, it follows from
the connectedness of K that there is a 1-simplex {v1,02} € K with v; € T and
vod T Let T} =T U {{vz2}, {v1,02}}. Since vy is a strong deformation re-
tract of |{vy,02}], |T| is a strong deformation retract of |Ty|. Therefore |Ty| is
contractible, and so T; is a tree strictly larger than T, contradicting the max-
imality of 7. =
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It follows from lemma 2 that if K is a connected complex and T is
a maximal tree in K, then K — T consists of simplexes of dimension > 1.
Because |T'| is contractible, any edge path in K is determined by its part in
K — T, as we shall see below. This motivates the following definition.

Let T be a maximal tree of the connected complex K. Let G be the
group generated by the edges (v,v") of K with the relations

(a) If (v,v") is an edge of T, then (v,0") = 1.
(b) If v, v, and v are vertices of a simplex of K, then (v,0")(v",v") = (v,0”).

3  rtHEOREM With the notation above, E(K,v9) = G.

ProOF Since T is connected and contains the vertices of K, for each vertex
v of K there is an edge path {, in T such that orig {, = vy and end {, = v. If
(v,0) is an edge of K, the edge path {,(v,0'){,» 1 is a closed edge path in K at
vo. Therefore there is a homomorphism « of the free group F generated by
the edges of K into E(K,vg) defined by a(v,0") = [{(v,0")¢»1].

We show that a can be factored through G. If (v,0") is an edge of T, then
$o(0,0){y 1 is a closed edge path in T. Because T is simply connected,
[o(0,0)8» 1] = 1 and « sends relations of type (a) into 1. If v, v" and v are
vertices of a simplex of K, then

[$o(0,0") 1] ° [$or(v',07)80 1] = [§uo(0,0)(0,07)Sw 1]
= [{u(0,0"")8w 1]

Therefore a((v,0")(v',0")) = a(v,0”), and so there is a homomorphism
o’ G — E(K,v0) such that o'(v,0") = a(v,0") = [{(0,0)y 1]

To prove that o is an isomorphism we construct an inverse 8': E(K,v9) > G
as follows. For each closed edge path { = e; --- ¢ let B({) =e1 --- e,
where the right-hand side is interpreted as a product in G. If { and {’
are simply equivalent, then because of the relations of type (b), B(§) = B(").
Therefore there is a homomorphism 8': E(K,v9) — G such that 8[{] = B().

We show that o’ and ' are inverses of each other. Given an edge path
{ = (vo,01)(v1,02) « - - (0p00), then &'B[{] = [{'], where

$ = $oo(v0,01)0, 20, (02,02)80, 7% - - - o, (U00)805
~ $uo(00,01)(01,02) + -+ (U500)8, 1

Since {y, is a closed edge path in the simply connected complex T, {,, ~ 1
and {" ~ {. Therefore o’f’ is the identity on E(K,vo).

Consider f'a’(v,v") = B({p)(v,0")B(§w~1). Since {, and {1 are paths in
T, they are products of edges in T. Hence B({,) and B8({»~1) are both equal to
1 by relations of type (a). Therefore §'a’(v,v") = (v,v’), and since {(v,0")}
generate G, '’ = lon G. =

In case K is finite, there are only a finite number of edges of K, and G
is finitely generated. Similarly, there are only a finite number of relations of
type (a) or (b). G is thereby represented as the quotient group of a finitely
generated free group by a finitely generated subgroup. Hence we have the
following corollary.
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4 cororLLaRY If K is a finite connected simplicial complex, then E(K,vo)
is finitely presented. =

5 cororLary If K is a connected graph, E(K,vo) is a free group, and if T
is a maximal tree in K, a set of generators of E(K,vo) is in one-to-one correspon-
dence with the I-simplexes of K — T.

prROOF  Consider the group G. Because of relations of type (a), we need only
consider edges of K not in T. Every such edge e corresponds to an order of
the vertices of some 1-simplex of K — T. The relations of type (b) imply that
the oppositely ordered edge equals e~ 1 in G. Therefore the group G is gener-
ated by edges one for each l-simplex of K — T. There are no relations
on these generators of G, for if v, v/, and v” are vertices of a simplex of K,
then at least two of them are equal. If v = v’ or v’ = v”, the corresponding
relation of type (b) is the trivial relation 1(v",0"") = (v',0”) or (v,0)1 = (v,0).
If v = v”, the corresponding relation is (v,0")(v’,v) = 1, which, in terms of
our generators, becomes ee”1 = 1. =

6 ExampLE Let ] = {j} be a set and let X be the pointed space which is
the sum (in the category of pointed spaces) of pointed 1-spheres {Sj'};...
Each S can be triangulated by s§j, where s; is a 2-simplex s; = {v;,05,0'} and
v; corresponds to the base point of S;1. Then X can be triangulated by the
complex K with vertices

{v} U {v},0f }jes

and 1-simplexes

{{v.,05} Yies U {{0,0]}}5eq U {{0},0]} }iea

Let T be the maximal tree in K such that K — T consists of the collection
{{v},6]} }jcs. By corollary 5, E(K,v) is a free group on generators in one-to-one
correspondence with J. Therefore there is an isomorphism of 7(X,xo), where
xo corresponds to v, with the free group generated by J.

7 ExampLE Let X be the complement in R2? of a set of p disjoint closed
disks or points. Then X has the same homotopy type as the sum of p pointed
1-spheres. Therefore the fundamental group of X is a free group with p
generators.

For connected graphs the fundamental group functor is a faithful repre-
sentation of the category of their underlying spaces and homotopy classes by
means of groups and homomorphisms. This is summarized in the following
theorem.

8 tHEOREM Let Ky and K, be connected graphs and let vo be a vertex of
Ki. Then

(a) Any continuous map f: |K4| — |Ka| is homotopic to a continuous
map f": |K1| — |K2| such that f'(ve) is a vertex of K.

(b) If vy is any vertex of Ky and h: w(|Ki|,00) — 7(|K2|,v0) is an
arbitrary homomorphism, there exists a continuous map f: (|K1],00) —
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(|K2|,v0) such that h = f.

(c) Let vy and vy be vertices of Ky and assume that f1, fo: |Kq| — |Ky|
are maps such that fi(vo) = vy and fo(ve) = vi. Then fi ~ fs if and only
if there is a path « in |Ks| from vy to vg such that the following triangle
is commutative:

77( ‘ Kl | ’UO)

fi= / \fzt

7(|Kz|,00) < (| Ks|,vf)

PROOF Since K3 is connected, it is path connected, and (a) follows from the
fact that the pair (|[Ky|,00) has the homotopy extension property with respect
to |Ks| (by corollary 3.2.5).

To prove (b), let T be a maximal tree in K;. Let {s;} be the simplexes of
Ki — T and for each j let ¢; = (v;,v)) be an edge whose vertices are the
vertices of s; in some order. For each vertex v in Ky there is an edge path {,
in T from vo to v. For each j let

wj = [§v, €8}
Then [w;] € 7(|K1|,v0), and by corollaries 5 and 3.6.17, the set {w;} is a sys-

tem of free generators of 7( ). For each j let wj be a closed path in |K,|
at vp such that h{w;] = [wj]. We define a continuous map

f (IKil,00) — (|Kz/,v0)
by f{|T]|) = v, and for each j we define f| |s;| by
fltvj + (1 = t)v) = wj(t)

where the points of |s;] are written in the form o] + (1 — #)v; for ¢t € L
f is continuous because its restriction to |T| and to each |s;| is continu-
ous. Clearly, f.lw;] = [wj] = h[w]; therefore f; = h.

To prove (c¢), note that if f; ~ f,, there is a path w in |K3| from
vp to vg such that, by theorem 1.8.7, fi4 = hyfe4. Conversely, if fi, =
hioifes. let T be a maximal tree in K; and for each vertex v of K;
let {, be an edge path in T from v, to v. We shall define F: |Ky| X I — |Kq|,
a homotopy from f; to f3, in several stages. First we set F(x,0) = fi(x) and

F(x,1) = fa(x) for x € |K4|. Then F has been defined on (|Ky| X 0) U (|K1| X 1).
If v is a vertex of Ky, we deﬁneth ((f18o71]) * w) * fo]$u| )t fortEI
Then F(v,0) = fi(v) and F(v,1) = fo(v ) and F is thus deﬁned on ]K1°! X Ito
be consistent with its previous definition on (|Ky| X 0) U (|K4| X 1). It only
remains to extend F over |s| X I for each 1-simplex s € Ky. Let v and v’ be
the vertices of s in some order. Then |s| X I is a square with the following
product, arbitrarily associated, as boundary
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({(v,0)] X 0) * (v X I) * ([(v),0)] X 1) * (v X I)7}

F can be extended over |s| X I if and only if F maps this product into a null
homotopic path of {K;|. By the definition of F, the above path is sent into a
path homotopic to the following product associated arbitrarily

Al # (fl8e 71 * @ * f2[80]) # fol(070)] # (fol8o™ * @7 # fil$])
= fil(v,0)] * fil$o ] # (@ * follSo] * [(0,0)] * [$7H) * w™h) * f1]5)
= fil(v,0)] * faldo 7 # ful8u] * [(0%0)] * [§7) * filSol
= &)

Therefore F can be extended over |s| X I, and the resulting map F: |Ki| X [—
|K2| will be continuous, because for each closed simplex |s| of K; its restric-
tion to |s| X [is continuous. Then F: f; ~ f,. =

It follows from theorem 8b that if f: (|K1|,00) — (|[K2f,00) induces an iso-
morphism fu: 7(]K1|,00) = 7(|Kz|,v0), then there is a continuous map g:
(|Kal,06) — (|Ki|,v0) such that gz = (fx)'. By theorem 8¢, it follows that
gf =~ 1y and fg ~ 1y, . Hence we have the next result.

9 cororLary Let Ky and Ky be connected graphs with vy a vertex of Ky
and v§ a vertex of Ko. A continuous map f: (|K1|,v0) — (|K2|,00) is a homo-
topy equivalence if and only if f induces an isomorphism fy: 7(|K4|,00) =
7(|Ko|,05). ®

The step-by-step extension procedure used to construct the homotopy F
to prove theorem 8c is a standard method for constructing continuous maps
on the space of a complex. The map is constructed on one skeleton at a time
and extended over the next skeleton.

8 EXAMPLES AND APPLICATIONS

This section contains assorted results concerning the fundamental group. We
begin with some applications to the theory of free groups; in particular, we
show that any subgroup of a free group is free. Next we consider the effect
on the fundamental group of attaching 2-cells to a space. We use the result
obtained to prove that any group is isomorphic to the fundamental group of
some space. Finally, we describe how the fundamental group of a surface can
be represented by means of generators and relations.

If K is a simplicial complex and « € |K| has carrier s (that is, @ € (s)),
then for any subdivision K’ of s the simplicial complex K’ # « is a subdivision
of § (by lemma 3.3.8). It follows that a modified barycentric subdivision of K
can be constructed whose vertices are a and the barycenters of simplexes of
K other than s. Therefore there is a subdivision of K having « as a vertex,
and we have the following result.
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1 1emma If «a € |K|, there is a subdivision K' of K having « as a
vertex. =

2 THEOREM A polyhedron is locally contractible.

PROOF In view of lemma 1, it suffices to prove that if v is a vertex of
a simplicial complex K, every neighborhood U of v in |K| contains a neighbor-
hood V of v deformable in U to v. Let U be a neighborhood of v and let
A = st v. Define F: A X I — |K| by

Flat) =to + (1 — e

Then F is a deformation of A in |K]| to the point v, and F(v X I) = v € U.
Therefore there is some neighborhood V of v in A such that F(V x I) C U
Because A = st v is open in |K|, V is a neighborhood of v in |K]|. Smce
F|V x Iis a deformation of Vin U to v, |K| is locally contractible. =

It follows from theorem 2 that the theory of covering projections applies
to polyhedra, and corresponding to any subgroup of the fundamental group
of a polyhedron there is a covering projection. We show that any covering
projection of a polyhedron corresponds to a simplicial map.

3 tHEOREM Let p: X — X be a covering projection, where X is a poly-
hedron. Then X is a polyhedron, of the same dimension as X, in such a way
that p corresponds to a simplicial map.

PROOF  Assume that p: X — |K| is a covering projection. For any simplex
s € K the closed simplex |s| is simply connected. It follows from the lifting
theorem that the inclusion map |s| C |K| can be lifted to a map |s| — X, and
it follows from the unique lifting theorem that two such liftings are either
identical or have disjoint images. Hence there are as many liftings of |s| as
sheets of X over |s|.

Define a simplicial complex K to have the collection {p~1(v)|v is a
vertex of K} as vertex set and to have simplexes {5}, where § = {o, . . . ,84)}
is a simplex of K if and only if there is a simplex s = {vp, . . . ,vy} in K and
a lifting fs: |s| — X of |s| such that fi(v;) = ©; for 0 < i < q [in which case
s = p(5) and f; are both unique]. Then K is a simplicial complex and has the
same dimension as K. If 3y is a face of §, then p(§) is a face of p(5) and
fz1 |p(51)| = fs,- Therefore the collection { fs}s. & defines a continuous map
f: K| — X such that

fRait)) = fs(Zaip@))  Zesdi € 13|
Let ¢: K — K be the simplicial map ¢(5) = p(#). Then there is a commuta-
tive triangle
JAESD
let\ / P
K|



