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Pn(tl, ... ,tn, Zl,Z2, ... ) = (eX(tl), ... ,eX(tn), Zl,Z2, ... ) 

Let X = V Xn and define p: X ---7 X so that p I Xn = pn. The components of 
X are the spaces Xn and the map p I Xn = pn: Xn ---7 X is a covering projec­
tion. However, p is not a covering projection, because no open subset of X is 
evenly covered by p. 

For later purposes we should like to have the analogues of theorems 11 
and 14, in which "component" is replaced by "path component." For this we 
need the following definition: a topological space is said to be locally path 
connected if the path components of open subsets are open. The following 
are easy consequences of this definition. 

16 Any open subset of a locally path-connected space is itself locally path 
connected. -

I 7 A locally path-connected space is locally connected. -

18 In a locally path-connected space the components and path components 
coincide. -

19 A connected locally path-connected space is path connected. -

From statements 17 and 18 we obtain the following extension of theorems 
11 and 14. 

20 THEOREM If X is locally path connected, a continuous map p: X ---7 X 
is a covering projection if and only if for each path component A of X 

p I p-1A: p-1A ---7 A 

is a covering projection. In this case, if A is any path component of X, then 
p I A is a covering projection of A onto some path component of X. -

2 THE HOMOTOPV LIFTING PROPERTY 

The homotopy lifting property is dual to the homotopy extension property. It 
leads to the concept of fibration, which is dual to that of co fibration intro­
duced in Sec. 1.4. In this section we define the concept of fibration and prove 
that a covering projection is a special kind of fibration. This special class of 
fibrations will be regarded as generalized covering projections, and our subse­
quent study of covering projections will be based on a study of the more gen­
eral concept. At the end of the chapter we return to the general considera­
tion of fibrations. 

We begin with an important problem of algebraic topology, called the 
lifting problem, which is dual to the extension problem. Let p: E ---7 Band 
f: X ---7 B be maps. The lifting problem for f is to determine whether there is 
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a continuous map f': X ~ E such that f = p 0 f' -that is, whether the dQtted 
arrow in the diagram 

E 
/" ~P 

X~B 

corresponds to a continuous map making the diagram commutative. If there 
is such a map f', then f can be lifted to E, and we call f' a lifting, or lift, of f 
In order that the lifting problem be a problem in the homotopy category, we 
need an analogue of the homotopy extension property, called the homotopy 
lifting property, defined as follows. A map p: E ~ B is said to have the 
homotopy lifting property with respect to a space X if, given maps f': X ~ E 
and F: X X I ~ B such that F(x,O) = pf'(x) for x E X, there is a map 
F: X X I ~ E such that F'(x,O) = f'(x) for x E X and po F = F. If f' is re­
garded as a map of X X 0 to E, the existence of F' is equivalent to the 
existence of a map represented by the dotted arrow that makes the following 
diagram commutative: 

f' 
X X 0 ~ E 

Xx I ~ B 

If p: E ~ B has the homotopy lifting property with respect to X and 
fo, fl: X ~ B are homotopic, it is easy to see that fo can be lifted to E if and 
only if it can be lifted to E. Hence, whether or not a map X ~ B can 
be lifted to E is a property of the homotopy class of the map. Thus the homo­
topy lifting property implies that the lifting problem for maps X ~ B is 
a problem in the homotopy category. 

A map p: E ~ B is called a fibration (or Hurewicz fiber space in the lit­
erature) if p has the homotopy lifting property with respect to every space. E 
is called the total space and B the base space of the fibration. For 
b E B, p-l(b) is called the fiber over b. 

If p: E ~ B is a fibration, any path win B such that w(O) E p(E) can be 
lifted to a path in E. In fact, w can be regarded as a homotopy w: P X I ~ B 
where P is a one-point space, and a point eo E E such that p(eo) = w(O) 
corresponds to a map f: P ~ E such that pf(P) = w(P,O). It follows from the 
homotopy lifting property of p that there exists a path w in E such that 
w(O) = eo and pow = w. Then w is a lifting of w. 

I EXAMPLE Let F be any space and let p: B X F ~ B be the projection 
to the first factor. Then p is a fibration, and for any b E B the fiber over b is 
homeomorphic to F. 

To prove that a covering projection is a fibration, we first establish the 
following unique-lifting property of covering projections for connected spaces. 
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2 THEOREM Let p: X ---7 X be a covering projection and let f, g: Y ---7 X be 
liftings of the same map (that is, p 0 f = p 0 g). If Y is connected and f agrees 
with g for some point of Y, then f = g. 

PROOF Let Y1 = {y E Ylf(y) = g(y)}. We show that Y1 is open in Y. 
If y E Yl, let U be an open neighborhood of pf(y) evenly covered by p and 
let 0 be an open subset of X containing f(y) such that p maps 0 homeomor­
phically onto U. Then f-1( 0) n g-l( 0) is an open subset of Y containing y 
and contained in Y1 . 

Let Y2 = {y E Y I f(y) *- g(y)}. We show that Y2 is also open in Y (if X 
were assumed to be Hausdorff, this would follow from a general property of 
Hausdorff spaces). Let y E Y2 and let U be an open neighborhood of pf(y) 
evenly covered by p. Since f(y) *- g(y), there are disjoint open subsets 01 and 
O2 of X such that f(y) E 01 and g(y) E O2 and p maps each of the sets 
01 and O2 homeomorphically onto U. Then f-1( 01) n g-l( O2) is an open 
subset of Y containing y and contained in Y2 . 

Since Y = Y1 U Y2 and Y1 and Y2 are disjoint open sets, it follows from 
the connectedness of Y that either Y1 = 0 or Y1 = Y. By hypothesis, 
Y1 *- 0, so Y = Y1 and f = g. • 

We are now ready to prove that a covering projection has the homotopy 
lifting property. 

3 THEOREM A covering projection is a fibration. 

PROOF Let p: X ---7 X be a covering projection and let f': Y ---7 X and 
F: Y X I ---7 X be maps such that F(y,O) = pf'(y) for y E Y. We show that 
for each y E Y there is an open neighborhood Ny of y in Y and a map 
F~: Ny X I ---7 X such that F~(y',O) = f'(y') for y' E Ny and pF~ = F I Ny X I. 
Assume that we have such neighborhoods Ny and maps F~. If y" E Ny n Ny" 
then F~ I y" X I and F~, I y" X I are maps of the connected space y" X I 
into X such that for t E I 

p 0 (F~ I y" X I)(y",t) = F(y",t) = p 0 (F~, I y" X I)(y",t) 

Because (F~ I y" X I)(y",O) = f'(y") = (F~' I y" X I)(y",O), it follows from 
theorem 2 that F~ I y" X I = F~, I y" X 1. Since this is true for all 
y" E Ny n Ny" it follows that F~ I (Ny n Ny') X I = F~, I (Ny n Ny') X I. 
Hence there is a continuous map F': Y X I ---7 X such that F' I Ny X I = F~, 
and F' is a lifting of F such that F'(y,O) = f'(y) for y E Y. Thus we have 
reduced the theorem to the construction of the open neighborhoods Ny and 
maps F~. 

It follows from the fact that p: X ---7 X is a covering projection (and the 
compactness of I) that for each y E Y there is an open neighborhood Ny of 
y and a sequence ° = to < h < . .. < tm = 1 of points of I such that for 
i = 1, ... , m, F(Ny X [ti_1,ti]) is contained in some open subset of X 
evenly covered by p. We show that there is a map F~: Ny X I ---7 X with the 
desired properties. It suffices to define maps 
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i = 1, ... , m 

such that 

po Gi = FI Ny X [ti_1,t;] 
G1(y',O) = f'(y') y' E Ny 

Gi- 1(y',ti-1) = Gi(y',ti-1) y' E Ny, i = 2, ... , m 

because, given such maps' G i , there is a map Fy: Ny X I ~ X such that 
Fy I Ny X [ti-1,t;] = Gi for i = 1, ... , m. Then Fy has the desired properties. 

The maps Gi are defined by induction on i. To define Gt, let U be an 
open subset of X evenly covered by p such that F(Ny X [to,t1]) c U. Let 
{ OJ} be a collection of disjoint open subsets of X such that p-1( U) = U OJ 
and p maps OJ homeomorphically onto U for each f. Let Vj = f'-1( OJ). Then 
{Vj} is a collection of disjoint open sets covering Ny, and G1 is defined to be 
the unique map such that for each f, G1 maps Vj X [to,t1] into OJ to be a lift­
ing of F I Vj X [to,lt]. This defines G1. 

Assume G i - 1 defined for 1 < i ~ m. Let U' be an open subset of 
X evenly covered by p such that F(Ny X [ti-1,ti]) c U'. Let { Ok} be a collec­
tion of disjoint open subsets of X such that p-1( U') = U 0" and p maps Ok 
homeomorphicallyonto U' for each k. Let Vk = {y' E Ny I Gi- 1(y',ti-1) E Ok}' 
Then {Vk} is a collection of disjoint open sets covering Ny, and Gi is defined 
to be the unique map such that for each k, Gi maps V" X [ti-1,ti] into Ok to 
be a lifting of F I Vk X [ti-hti]. This defines Gi. • 

A map p: E ~ B is said to have unique path lifting if, given paths wand 
w' in E such that pow = pow' and w(O) = w'(O), then w = w'. It follows 
from theorem 2 that a covering projection has unique path lifting. 

4 LEMMA If a map has unique path lifting, it has the unique-lifting 
property for path-connected spaces. 

PROOF Assume that p: E ~ B has unique path lifting. Let Y be path connected 
and suppose that f, g: Y ~ E are maps such that p 0 f = p 0 g and f(yo) = g(yo) 
for some yo E Y. We must show f = g. Let y E Y and let w be a path in Y 
from yo to y. Then f 0 wand g 0 w are paths in E that are liftings of the 
same path in B and have the same origin. Because p has unique path lifting, 
f 0 w = g 0 w. Therefo.re 

f(y) = (f 0 w)(l) = (g 0 w)(l) = g(y) • 

The following theorem characterizes fibrations with unique path lifting. 

it THEOREM A fibration has unique path lifting if and only if every fiber 
has no nonconstant paths. 

PROOF Assume that p: E ~ B is a fibration with unique path lifting. Let w 

be a path in the fiber p-1(b) and let w' be the constant path in p-1(b) such 
that w'(O) = w(O). Then pow = pow', which implies w = w'. Hence w is a 
constant path. 
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Conversely, assume that p: E ----> B is a fibration such that every fiber has 
no nontrivial path and let wand w' be paths in E such that pow = pow' 
and w(o) = w'(O). For tEl, let WI' be the path in E defined by 

"( ') _ {W((I - 2t')t) 
Wt t - w'((2t' _ I)t) 

O<t'<V2 
V2<t'<1 

Then WI' is a path in E from w(t) to w'(t), and pow;' is a closed path in B that 
is homotopic relative to j to the constant path at pw(t). By the homotopy lift­
ing property of p, there is a map F': I X 1----> E such that F'(t',O) = w;'(t') and 
F' maps ° X I U I X 1 U 1 X I to the fiber p-1(pW(t)). Because p-1(pW(t)) 
has no nonconstant paths, F' maps ° X I, I X 1, and 1 X I to a single point. 
It follows that F'(O,O) = F'(I,O). Therefore w;'(O) = w;'(I) and w(t) = w'(t). -

We have seen that a covering projection is a fibration with unique path 
lifting. It will be shown in Sec. 2.4 that if the base space satisfies some mild 
hypotheses, any fibration with unique path lifting is a covering projection. 
One reason for studying fib rations with unique path lifting as generalized 
covering projections is that the following two theorems are easily proved, but 
both are false for covering projections. 

6 THEOREM The composite of fibrations (with unique path lifting) is a 
fibration (with unique path lifting). -

7 THEOREM The product of fibrations (with unique path lifting) is a 
fibration (with unique path lifting). -

An example shows that theorem 6 is false for covering projections. 

8 EXAMPLE Let X and Xn , for n ;::: 1, be a countable product of I-spheres. 
Let Xn = Rn X X and define pn: Xn ----> Xn by 

Pn(t1, ... ,tn, Zl,ZZ, ... ) = (ex(t1), ... ,ex(tn), Zl,ZZ, ..• ) 

Then pn is a covering projection for n ;::: 1. It follows from theorem 2.1.11 
that V pn: V Xn ----> V Xn is a covering projection. Since V Xn is the product 
of X and the set of positive integers, there is a covering projection V Xn ----> X 
(see example 2.1.2). The composite 

VXn ----> VXn ----> X 

is not a covering projection (cf example 2.1.15). 

Similarly, theorem 7 is false for covering projections. 

9 EXAMPLE For n > 1, let pn: Xn ----> Xn be the covering projection 
ex: R ----> 51. Then 

is not a covering projection. 

It follows from theorem 6 that there is a category whose objects are 
topological spaces and whose morphisms are fibrations with unique path 
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lifting. We shall now describe a category, depending on a given base space, which 
is of more use in studying covering projections or flbrations. For a given space 
X there is a category whose objects are maps p: g -+ X, which are flbrations 
with unique path lifting, and whose morphisms are commutative triangles 

If Pi: Xi ~ X is an indexed family of objects in this category, let p: V Xi ~ X 
be the map such that P I Xi = Pi' Then P is also an object in the category and 
is the sum of the collection {Pi} in the category. 

To show that this category also has products, given maps Pi: Xi ~ X, let 

X = {(Xi) E X Xi I Pi(Xi) = Pi'(xi') for all t, n 
and define p: X ~ X by P((Xi)) = PiXi)' If each Pi is a fibration, so is P, and 
if each Pi has unique path lifting, so does p. Hence P is a product of {Pi} in 
the category of fibrations with unique path lifting. This map P is called the 
fibered product of the maps {Pi}' We consider it in more detail in Sec. 2.8. 

There is a similar category whose objects are covering projections with 
base space X and whose morphisms are commutative triangles. This category 
has finite sums and finite products, but neither arbitrary sums nor arbitrary 
products. In fact, for each n let 

pn: Rn X Sl X Sl X ... ~ Sl X Sl X ... 

be defined by Pn(tl> ... ,tn, Zl,ZZ, ... ) = (eZ'7Titl, ••• ,eZ'7Titn, Zl> Zz, ... ), 
as in example 8. Then the collection {Pn} has neither a sum nor a product in 
the category of covering projections with base space X. 

3 RELATIONS WITH THE FUNDAMENTAL GROUP 

In a fibration with unique path lifting the fundamental group of the total 
space is isomorphic to a subgroup of the fundamental group of the base 
space. The corresponding subgroup of the fundamental group will lead to a 
classification of fibrations with unique path lifting. In fact, we shall see in the 
next section that the fundamental group functor solves the lifting problem for 
fibrations with unique path lifting. The present section is devoted to consid­
eration of the relation between the fundamental groups of the total space and 
the base space of a fibration with unique path lifting. 

We begin with a localization property for fibrations which is an analogue 
of theorem 2.1.14. 
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I LEMMA Let p: E ~ B be a fibration. If A is any path component of E, 
then pA is a path component of Band p I A: A ~ pA is a fibration. 

PROOF Since pA is the continuous image of a path-connected space, it 
is path connected. It is a maximal path-connected subset of B, for if w is a path 
in B that begins in pA, there is a lifting w of w that begins in A. Since A 
is a path component of E, w is a path in A. Therefore w = pow is a path in 
pA. Hence pA is a maximal path-connected subset of B and, by theorem 
1. 7.9, a path component of B. 

To show that p I A: A ~ pA has the homotopy lifting property, let 
f': Y ~ A and F: Y X I ~ pA be maps such that F(y,O) = pf'(y). Because p 
is a fibration, there is a map F': Y X I ~ E such that p 0 F' = F and 
F(y,O) = f'(y). For any y E Y, F' must map y X I into the path component 
of E containing F'(y,O). Therefore F'(y X 1) c A for all y, and F': Y X I ~ A 
is a lifting of F such that F'(y,O) = f'(y). • 

For locally path-connected spaces we have the following analogue of 
theorem 2.1.20, which reduces the study of fibrations to the study of fibra­
tions with total space and base space path connected. 

2 THEOREM Let p: E ~ B be a map. If E is locally path connected, p is 
a fibration if and only if for each path component A of E, pA is a path com­
ponent of Band p I A: A ~ pA is a fibration. 

PROOF If p: E ~ B is a fibration and A is a path component of E, it follows 
from lemma 1 that pA is a path component of Band p I A: A ~ pA is 
a fibration. 

To prove the converse, let f': Y ~ E and F: Y X I ~ B be such that 
F(y,O) = f'(y). Let {Aj} be the path components of E. Then {Aj} are disjoint 
open subsets of E. Let Vj = f-l(A j ). The collection {Vj} is a disjoint open cov­
ering of Y. Therefore, to construct a map F': Y X I ~ E such that p 0 F = F 
and F'(y,O) = f'(y), it suffices to construct maps Fj: Vj X I ~ E for all i such 
that p 0 Fj = F I Vj X I and Fj(y,O) = f'(y,O). 

Because F(y X I) is contained in the path component of B containing 
F(y,O) = pf'(y), it follows from the fact that pAj is a path component of B 
that F(Vj X I) C pAj for all i. Because p I Aj: Aj ~ pAj is a fibration, there is 
a map Fj: Vj X I ~ Aj such that pF; = F I Vj X I and F;(y,O) = f'(y) for 
y E Vj. Therefore p has the homotopy lifting property. • 

Since every path in a topological space lies in some path component of 
the space, it is clear that theorem 2 remains valid if the term "fibration" is 
replaced throughout by "fibration with unique path lifting." 

The main result on fibrations with unique path lifting is embodied in the 
following statement. 

3 LEMMA Let p: X ~ X be a fibration with unique path lifting. If wand 
w' are paths in X such that w(O) = w'(O) and pow ~ pow', then w ~ w'. 
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PROOF Let F: I X I ~ X be a homotopy relative to j from pow to pow' 
[that is, F(t,O) = pw(t) and F(t,l) = pw'(t), and F(O,t) = pw(O) and F(l,t) = 
pw(I)J. By the homotopy lifting property of fibrations, there is a map 
F': I X I ~ X such that F'(t,O) = w(t) and p 0 F' = F. Then F'(O X I) and 
F'(l X I) are contained in p-l(pw(O)) and p-l(pw(l)), respectively. By 
theorem 2.2.5, F'(O X I) and F'(l X I) are single points. Hence F' is a homo­
topy relative to j from w to some path w" such that w"(O) = w(O) and 
pow" = pow'. Since w'(O) = w(O), it follows from the unique-path-lifting 
property of p that w' = w" and F': w ~ w' reI i. • 

It follows from lemma 3 that if p: X ~ X is a fibration with unique path 
lifting, then for any two objects Xo and Xl in the fundamental groupoid of X, 
p# maps hom (XO,Xl) injectively into hom (p(xO)'P(Xl)). In particular, if 
Xo = Xl, we obtain the following theorem. 

4 THEOREM Let p: X ~ X be a fibration with unique path lifting. For 
any Xo E X the homomorphism. 

P#: 7T( X,xo) ~ 7T(X,Xo) 

is a monomorphism. • 

This last result provides the basis for the reduction of problems concern­
ing fibrations with unique path lifting to problems about the fundamental 
group. In order that the fundamental group be really representative of the 
space in question, we assume that the spaces involved are path connected. It 
follows from theorem 2 that this is no loss of generality for locally path­
connected spaces. 

5 LEMMA Let p: X ~ X be a fibration with unique path lifting and 
assume that X is a nonempty path-connected space. If xo, Xl E X, there is a 
path w in X from p( Xo) to p( Xl) such that 

P#7T(X,XO) = h[w]P#7T(X,Xl) 

Conversely, given a path w in X from p(Xo) to Xl, there is a point Xl E p-l(Xl) 
such that 

h[w]P#7T(X,Xl) = P#7T(X,Xo) 

PROOF For the first part, let w be a path in X from Xo to Xl. Then 7T(X,XO) = 
h[w]7T( X,Xl). Therefore 

P#7T( X,xo) = h[powJP#7T(X,xl) 

and so pow will do as the path from p(xo) to P(Xl). 
Conversely, given a path w in X from p(xo) to Xl, let w be a path in X 

such that w(O) = Xo and pw = w. If Xl = w(l), then 

h[wlP#7T( X,Xl) = P#(h[w]7T( X,Xl)) = P# 7T( X,xo) • 

This easily implies the following result. 
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6 THEOREM Let p: X ~ X be a fibration with unique path lifting and 
assume that X is a nonempty path-connected space. For Xo E pX the collec­
tion {P#7T( X,xo) I Xo E p-l(XO)} is a conjugacy class in 7T(X,XO). If w is a path 
in pX from Xo to Xl, then h[w] maps the conjugacy class in 7T(X,Xl) to the con­
jugacy class in 7T(X,XO). • 

Let p: X ~ X be a fibration and let w be a path in X beginning at Xo. 
Define a map Fw: p-l(XO) X I ~ X by Fw(x,t) = w(t) and let i: p-l(XO) C X. 
Then pi(x) = Fw(x,O) for x E p-l(XO). It follows from the homotopy lifting 
property of p that there exists a map Gw: p-l(XO) X I ~ X such that 
Gw(x,O) = i(x) = x and po Gw = Fw. 

Suppose now that p has unique path lifting. We prove that the map 
x ~ Gw(x,l) of p-l(XO) to p-l(w(l)) depends only on the path class of w. 
If w' ~ w and G~,: p-l(xO) X I ~ X is a map such that G~,(x,O) = x and 
p 0 G~, = Fw" then for any x E p-l(XO), let wand w' be the paths in X defined 
by w(t) = Gw(x,t) and w'(t) = G~,(x,t). Then wand w' begin at x and 

pow = w ~ w' = p 0 w' 

It follows from lemma 3 that w ~ w'. Then Gw(x,l) = G~'(x,l) for every 
x E p-l(XO). Therefore there is a well-defined continuous map 

f[wJ= p-l(w(O)) ~ p-l(w(l)) 

defined by f[w](x) = Gw(x,l), where Gw is as above. It is clear that if w(l) = 
w'(O), then f[w]*[w'] = f[w'] 0 f[w]. 

7 THEOREM Let p: X ~ X be a fibration with unique path lifting. There 
is a contravariant functor from the fundamental groupoid of X to the cate­
gory of topological spaces and maps which assigns to X E X the fiber over X 
and to [w] the function f[w]. • 

The fact that f[w] is a homeomorphism for every [w] leads to the follow­
ing corollary. 

8 COROLLARY If p: X ~ X is a fibration with unique path lifting and X 
is path connected, then any two fibers are homeomorphic. • 

If X is path connected and p: X ~ X is a fibration with unique path lift­
ing, the number of sheets of p (or the multiplicity of p) is defined to be the 
cardinal number of p-l(X) (which is independent of X E X, by corollary 8). 
For a path-connected total space, the multiplicity is determined by the con­
jugacy class as follows. 

9 THEOREM Let p: X ~ X be a fibration with unique path lifting and 
assume X and X to be nonempty path-connected spaces. If Xo E X, the mul­
tiplicity ofp is the index ofp#7T(X,xo) in 7T(X,p(xo)). 

PROOF By theorem 7, 7T(X,p( xo)) acts as a group of transformations on the right 
on p-l(p(XO)) by x 0 [w] = f[w](x) for x E p-l(p(xo)). If xl. X2 E p-l(p(xO)), let 
w be a path in X from Xl to X2. Then [p 0 w] E 7T(X,p(Xo)) and Xl 0 [pw] = X2. 
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Therefore w(X,p(xo)) acts transitively on p-l(p(XO))' The isotropy group of Xo 
[that is, the subgroup of w(X,p(xo)) leaving Xo fixed] is clearly equal to P#w(X,xo). 
From general considerations 1 there is a bijection between the set of right 
co sets of P#w(X,xo) in w(X,p(xo)) and p-l(p(XO))' • 

I 0 EXAMPLE For n ~ 2 the covering p: Sn -,) pn of example 2.1.5 has 
multiplicity 2. Because Sn is simply connected, w(pn) :::::: Z2 for n ~ 2. 

A fibration p: X -,) X with unique path lifting is said to be regular 
if, given any closed path w in X, either every lifting of w is closed or none is 
closed. 

II THEOREM Let p: X -,) X be a fibration with unique path lifting. p is 
regular if and only if P#w(X,xo) = p#W(X,Xl) whenever p(xo) = P(Xl). 

PROOF Assume that p is regular and let W be a closed path in X at xo. Then W is a 
closed lifting of pw. Therefore there is a closed lifting WI of pw at Xl. It fol­
lows that P#[w] = [pw] = P#[Wl]' Therefore P#w(X,xo) C P#W(X,Xl)' Since the 
roles of Xo and Xl can be interchanged, it follows that p#w(X,xo) = P#W(X,Xl)' 

Conversely, if P#w(X,xo) = p#W(X,Xl) whenever p(xo) = P(Xl), let w be a 
closed path in X at p(xo) having a closed lifting W at xo. Then 

[w] = P#[w] E P#w(X,xo) = p#W(X,Xl) 

Therefore there is a closed path WI in X at Xl such that PWI ~ w. If WI is a 
lifting of w such that wI(O) = Xl, then by the unique-path-lifting property of 
p, WI = WI. Therefore WI is a closed lifting of w at Xl and p is regular. • 

In case X is a nonempty path-connected space, theorems 6 and 11 give 
the following result. 

12 THEOREM Let p: X -,) X be a fibration with unique path lifting and 
assume that X is a nonempty path-connected space. Then p is regular if and 
only if for some Xo E Xo, P#w(X,xo) is a normal subgroup ofw(X,p(xo)). • 

4 THE LIFTING PROBLEM 

In this section we show that the fundamental group functor solves the lifting 
problem for fibrations with unique path lifting. As a consequence of this, the 
fundamental group functor provides a classification of covering projections, 
which is discussed in the next section. 

Our first result is that any map of a contractible space to the base space 
of a fibration can be lifted. 

I LEMMA Let p: E -,) B be a fibration. Any map of a contractible space 
to B whose image is contained in p(E) can be lifted to E. 

1 Whenever a group G acts transitively on the right on a set S there is induced a bijection 
between the set of right cosets of the isotropy group (of any s E S) in G and the set S. 
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PROOF Let Y be contractible and let f: Y ~ B be a map such that f( Y) C p(E). 
Because Y is contractible, f is homotopic to a constant map of Y to some 
point of f(Y). f(Y) C p(E), so this constant map can be lifted to E. The 
homotopy lifting property then implies that f can be lifted to E. • 

Because we use the fundamental group functor, it will prove technically 
simpler to consider the lifting problem for spaces with base points. 

2 LEMMA Let p: (X,xo) ~ (X,xo) be a fibration with unique path lifting. 
If yo is a strong deformation retract of Y, any map (Y,yo) ~ (X,Xo) can be 
lifted to a map (Y,yo) ~ (X,xo). 

PROOF Let f: (Y,yo) ~ (X,xo) be a map. f is homotopic relative to yo to the 
constant map Y ~ Xo. The constant map can be lifted to the constant map 
Y ~ xo. By the homotopy lifting property, f can be lifted to a map 1': Y ~ X 
such that l' is homotopic to the constant map Y ~ Xo by a homotopy which 
maps yo X I to p-l(XO). Because p-l(XO) has no nonconstant path by theorem 

2.2.5, !'(yo) = xo· • 

We shall apply lemma 2 to a contractible space in order to lift certain 
quotient spaces of the contractible space. The usual way to represent a 
space as the quotient space of a contractible space is to show it is a quotient 
space of its path space. Given yo E Y, the path space P(Y,yo) is the space of 
continuous maps w: (1,0) ~ (Y,yo) topologized by the compact-open topology. 
There is a function cp: P(Y,Yo) ~ Y defined by cp(w) = w(l). If U is an open 
set in Y, 

rp-l(U) = (l;U) = {w E P(Y,yo) I w(l) E U} 

is an open set in P(Y,yo). Therefore rp is continuous. 

3 LEMMA The constant path at yo is a strong deformation retract of the 
path space P(Y,yo). 

PROOF A strong deformation retraction F: P(Y,yo) X I ~ P(Y,yo) to the con­
stant path at yo is defined by 

F(w,t)(t') = w((l - t)t') w E P(Y,yo); t, t' E I • 

We have shown that rp is a continuous map of the contractible path space 
P(Y,yo) to Y. If Y is path connected, rp is clearly surjective. If Y is also locally 
path connected, the following theorem shows that rp is a quotient projection. 

4 THEOREM A connected locally path-connected space Y is the quotient 
space of its path space P(Y,yo) by the map rp. 

PROOF We know that rp is continuous, and because a connected locally path­
connected space is path connected, it is surjective. To complete the proof it suf­
fices to show that rp is an open map. Let w E P(Y,yo) and let W = n l<i<n(K i ; Ui) 
be a neighborhood of w, where Ki is compact in I and Ui is op~n-in Y. We 
enumerate the K's so that for some 0 ::::; k ::::; n, 1 E Kl n '" n Kk and 
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I ~ Kk+1 U ... U Kn. Because w(l) E UI n ... n Uk, there is a path­
connected neighborhood V of w(l) contained in UI n ... n Uk. Choose 
0< t' < I such that [t',!] n (Kk+1 U ... U Kn) = 0 and w([t',l]) C V. 

To prove that rp( W) ::J V, which completes the proof, let y' E V and let 
w' be a path in V from w(t') to y'. Define w: 1---7 Y by 

1 
w(t) o :; t :; t' 

w(t) = w'G = ~ ) t'<t<l 

For i > k, W(Ki) = W(Ki) CUi. For i :; k, 

W(Ki) = w(Ki n [O,t']) U w(Ki n [t',l]) C W(Ki) U w'(I) C Ui U V = Ui 

Therefore w E Wand rp( w) = y'. Hence rp( W) ::J V. • 

We can put these results together to obtain the following result, called 
the lifting theorem. 

5 THEOREM Let p: (X,xo) ---7 (X,xo) be a fibration with unique path lift­
ing. Let Y be a connected locally path-connected space. A necessary _and 
sufficient condition that a map f: (Y,yo) ---7 (X,xo) have a lifting (Y,yo) ---7 (X,xo) 
is that in 7T(X,XO) 

f#7T(Y,yo) C P#7T(X,Xo) 

PROOF Iff': (Y,yo) ---7 (X,xo) is a lifting of f, then f = po f' and 

f#7T(Y,yo) = P#f#7T(Y,yo) C P#7T(X,Xo) 

which shows that the condition is necessary. 
We now prove that the condition is sufficient. It follows from lemmas 3 

and 2 that if Wo is the constant path at yo, the composite 

'P f 
(P(Y,yo), wo) ---7 (Y,yo) ---7 (X,xo) 

can be lifted to a map f: (P(Y,yo), wo) ---7 (X,xo). We show that if f#7T(Y,yO) C 
P#7T(X,XO) and if w, w' E P(Y,yo) are such that rp(w) = rp(w'), then f(w) = j(w'). 
Let wand w' be the paths in P(Y,yo) from Wo to wand w', respectively, 
defined by w(t)(t') = w(tt') and w'(t)(t') = w'(tt'). Then f 0 wand f 0 W' are 
paths in X from Xo to J(w) and f(w'), respectively, such that 

pofow=forpow=fow and p 0 f 0 w' = f 0 w' 

Because w * W'~I is a closed path in Yat yo and f#7T(Y,yO) C P#7T(X,Xo), there 
is a closed path w in X at Xo such that (f 0 w) * (f 0 w')-I c::::: pow. Then 

po (f 0 w) = f 0 w c::::: (p 0 w) * (f 0 w') = p 0 (w * (f 0 w')) 

By lemma 2.3.3, f 0 w c::::: W * (f 0 w'). In particular, the endpoint of f 0 w, 
which is j(w), equals the endpoint of f 0 w', which is j(w'). 

It follows that there is a function f': (Y,yo) ---7 (X,xo) such that f' 0 rp = f, 



SEC. 4 THE LIFTING PROBLEM 77 

and using theorem 4, we see that f' is continuous. Because 

pOf'ocp=pof=focp 

and cp is surjective, p 0 f' = f. Therefore f' is a lifting of f. • 
Let p: E ~ B be a fibration. A section of p is a map s: B ~ E such that 

p 0 s = IB (thus a section is a right i.nverse of p). It follows easily from the 
homotopy lifting property that there is a section of p if and only if [p 1 has a 
right inverse in the homotopy category. Because a section is a lifting of the 
identity map B C B, the following is an immediate consequence of theorem 5. 

6 COROLLARY Let p: (X,xo) ~ (X,xo) be a fibration with unique path lift­
ing. If X is a connected locally path-connected space, there is a section 
(X,xo) ~ (X,xo) of P if and only if P#7T(X,Xo) = 7T(X,XO). • 

7 COROLLARY Let p: X ~ X be a fibration with unique path lifting. If X 
is a nonempty path-connected space and X is connected and locally path 
connected, then p is a homeomorphism if and only if for some Xo E X, 
P#7T(X,Xo) = 7T(X,p(Xo)). 

PROOF If P is a homeomorphism, P#7T(X,XO) = 7T(X,p(Xo)). Conversely, if 
P#7T(X,Xo) = 7T(X,p(Xo)), then by theorem 2.3.9, p is a bijection. By corollary 6, 
it has a continuous right inverse. Therefore p is a homeomorphism. • 

If p: X ~ X is a covering projection and X is path connected, a neces­
sary and sufficient condition that p be a homeomorphism is that P#7T(X,Xo) = 
7T(X,p(Xo)) for some Xo E X. This condition on the fundamental groups implies 
that p is a bijection, and by lemmas 2.1.8 and 2.1.7, p is open; hence for cov­
ering projections corollary 7 is valid without the assumption that X be locally 
path connected. This is definitely false for fibrations with unique path lifting 
if X is not locally path connected, because p need not be open. The following 
example shows this. 

8 EXAMPLE Let X be the subspace of RZ defined to be the union of the 
four sets 

Al = {(x,y) Ix = 0, -2 ~ Y ~ I} 
Az = {(x,y) I 0 ~ x ~ 1, Y = -2} 
A3 = {(x,y)lx = 1, -2 ~ Y ~ O} 
A4 = {(x,y) I 0 < x ~ 1, Y = sin 27T/X} 

illustrated in the diagram 

(0,1) 

A, 
(1,0) 

A, (1,-2) 
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Let X be the half-open interval [0,4) and define p: X ~ X to map [O,IJ linearly 
onto AI, [1,2] linearly onto A 2 , [2,3J linearly onto A 3 , and [3,4) homeomor­
phically onto A4 by the map t ~ (t - 3, sin(2'7T/(t - 3))). Then X and X are 
path connected and p: X ~ X is a fibration with unique path lifting. However, 
p is not a homeomorphism, although X and X are both simply connected. 

For locally path-connected spaces the lifting theorem provides the fol­
lowing criterion for determining whether an open path-connected subset of 
the base space is evenly covered by a fibration. 

9 LEMMA Let p: X ~ X be a fibration with unique path lifting. Assume 
that X and X are locally path connected and let U be an open connected sub­
set of X. Then U is evenly covered by p if and only if every lifting to X of a 
closed path in U is a closed path. 

PROOF If U is evenly covered by p and w is a path in p~l( U), then w is a 
path in some component U of p~l(U). By lemma 2.1.12, p maps U homeo­
morphically onto U. Therefore, if pow is a closed path in U, w is a closed 
path in U. Hence the condition is necessary. 

It is also sufficient, because if Xo E U and Xo E p~l(XO), the hypothesis 
that every lifting of a closed path in U at Xo is a closed path in X implies that 
in '7T(X,xo) 

where i: (U,xo) C (X,xo) 

By theorem 5, there is a lifting iio: (U,xo) ~ (X,xo) of i. The collection 
{iio(U) I Xo E p~l(XO)} consists of path-connected sets which, by lemma 2.2.4, 
are disjoint. We show that their union equals p~l(U). If x E p~l(U), let w be 
a path in U from p( x) to Xo and let w be a lifting of w such that w(O) = x. Then 
w(l) E p~l(XO), and therefore w is a path in is(1)(U). Hence x E is(I)(U) and 
{i~o( U) I Xo E p~l(XO)} is a partition of p~l( U) into path-connected sets. Since 
p~l( U) is open and X is locally path connected, i.fo( U) is open in X for each 
Xo E p~l(XO). Clearly, p is a homeomorphism of iio( U) onto U for each 
Xo E p~l(XO), and U is evenly covered by p. • 

A space X is said to be semilocally I-connected if every point Xo E X has 
a neighborhood N such that '7T(N,xo) ~ '7T(X,xo) is trivial. 

10 THEOREM Every fibration with unique path lifting whose base space is 
locally path connected and semilocally I-connected and whose total space is 
locally path connected is a covering protection. 

PROOF It follows from lemma 9 and the definition of semilocally I-connected 
space that each point of the base space has an open neighborhood evenly 
covered by the fibration. • 
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5 THE CLASSIFICATION OF COVERING PROJECTIONS 

This section contains a classification of covering projections over a connected 
locally path-connected base space. It is based on the lifting theorem and re­
duces the problem of equivalence of covering projections to conjugacy of 
their corresponding subgroups of the fundamental group of the base space. 
A large part of the section is devoted to constructing a covering projection 
corresponding to a given subgroup of the fundamental group of the base 
space. 

Let X be a connected space. The category of connected covering spaces 
of X has objects which are covering projections p: X ~ X, where X is 
connected, and morphisms which are commutative triangles 

- f -
Xl --? Xz 
Pl\ I pz 

.A 

If X is locally path connected and p: X ~ X is an object of this category, 
then, by lemma 2.1.8, p is a local homeomorphism and X is also locally path 
connected. We show that in this case every morphism in this category is a 
covering projection. 

I LEMMA In the category of connected covering spaces of a connected 
locally path-connected space every morphism is itself a covering proiection. 

PROOF Consider a commutative triangle 

where Pi and pz are covering projections and X is locally path connected. It 
follows from corollary 2.1.13 that f is a covering projection if it is surjective. 

Because Xz is connected and locally path connected, it is path connected. 
Let Xl E Xl and Xz E Xz be arbitrary and let Wz be a path in Xz from f(xl) 
to X2· Because Pi is a fibration, there is a path Wi in Xl beginning at Xl such 
that Pi 0 Wi = pz 0 W2. By the unique path lifting of P2,j 0 Wi = W2. Therefore 

f(wl(l)) = wz(l) = :\:z 

proving that f is surjective. • 

The next result determines when there is a morphism from one object to 
another in the category of connected covering spaces of X. 

2 THEOREM Let Pi: Xl ~ X and pz: X2 ~ X be obiects in the category 
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of connected covering spaces of a connected locally path-connected space X. 
The following are equivalent: 

(a) There is a covering projection f: Xl ~ X2 such that P2 0 f = Pl. 
(b) For all l:l E Xl and X2 E X2 such that Pl(X\) = P2(X2), Pl#7T(X1.Xl) is 
conjugate in 7T(X,Pl(Xl)) to a subgroup of P2#7T(X2,X2)' 
(c) There exist Xl E Xl and X2 E X2 such that Pl(Xl) = P2(X2) and 
Pl#7T(Xl ,Xl) is conjugate in 7T(X,Pl(Xl)) to a subgroup of P2#7T(X2,X2). 

PROOF (a) = (b) Given f: Xl ~ X2 such that P2 0 f = PI, if Xl E Xl and 
X2 E X2 are such that Pl(Xl) = P2(X2), then 

Pl#7T(Xl ,Xl) = P2# 0 f#7T(Xl ,Xl) c P2#7T(X2,f(xl)) 

Because f(xl) and X2 lie in the same fiber of P2: X2 ~ X, it follows from 
theorem 2.3.6 that P2#7T(X2,f(Xl)) and p2#7T(X2,X2) are conjugate in 7T(X,Pl(Xl)). 

(b) = (c) The proof is trivial. 
(c) = (a) Assume that Xl E Xl and X2 E X2 are such that Pl(Xl) = P2(X2) 

and that Pl#7T(X1.Xl) is conjugate in 7T(X,Pl(Xl)) to a subgroup of p2#7T(X2,X2). 
By theorem 2.3.6, there is a point X2 E X2 such that P2(X2) = P2(X2) and such 
that Pl#7T(Xl ,Xl) C P2#7T(X2,X2) 

Because Xl is a connected locally path-connected space, the lifting theorem 
implies the existence of a map f: (Xl,Xl) ~ (X2,X2) such that P2 0 f = Pl. • 

3 COROLLARY Two objects in the category of connected covering spaces 
of a connected locally path-connected space X are equivalent if and only if 
their fundamental groups (at some two points over the same point of X) map 
to conjugate subgroups of the fundamental group of X (at this point). • 

We give two examples. 

4 Because every nontrivial subgroup of 7T(5 l ) ;::::: Z is infinite cyclic, by 
corollary 3 every connected covering space X ~ 51 is equivalent to 
ex: R ~ 51 or to the map 51 ~ 51 sending z to zn for some positive integer n. 

:; For n 2 2, 7T(pn) ;::::: Z2, and every connected covering space X ~ pn is 
equivalent to the double covering 5n ~ pn or to the trivial covering pn C pn. 

A universal covering space of a connected space X is an object p: X ~ X 
of the category of connected covering spaces of X such that for any object 
p': X' ~ X of this category there is a morphism 

X ~ X' 
p\ Ip' 

X 

in the category. It can be shown (see the paragraph following theorem 13 below) 
that a universal covering space is a regular covering space. The next result follows 
from this, theorem 2 and corollary 3. 

6 COROLLARY Two universal covering spaces of a connected locally path­
connected space are equivalent. • 
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Another result also follows from theorem 2. 

7 COROLLARY A simply connected covering space of a connected locally 
path-connected space X is a universal covering space of x. • 

Having reduced the comparison of connected covering spaces of X to a 
comparison of their corresponding subgroups of the fundamental group of X, 
we shall determine which subgroups of the fundamental group correspond 
to covering spaces. This necessitates the construction of covering spaces. Let 
X be a space and let CU be an open covering of X. If Xo E X, let w(CU,xo) be 
the subgroup of w(X,xo) generated by homotopy classes of closed paths having 
a representative of the form (w * w') * w-l, where w' is a closed path lying in 
some element of CU and w is a path from Xo to w'(O). The following statements 
are easily verified. 

8 If 'Y is an open covering of X that refines 611, then w('Y,xo) C w(ql,xo). • 

9 w(G/l,xo) is a normal subgroup of w(X,Xo). • 

10 If w is a path in X, then h[w]w(GU.,w(I)) = w(G/l,w(O)). • 

The connection of the groups w(G/l,xo) with covering projections is 
explained by the following result. 

II LEMMA Let p: X ~ X be a covering proiection and let CU be a covering 
of X by open sets each evenly covered by p. For any Xo E X 

PROOF If w' is a closed path lying in some element of GU., then, by lemma 2.4.9, 
any lifting of w' is a closed path in X. Hence any path of the form (w * w') * w-1, 

where w' is a closed path lying in some element of GU., can be lifted to 
a closed path (namely, to (w * w') * w-l, where wand w' are suitable liftings 
of wand w', respectively]. Hence any element of w("Il,p(fo)) has a representa­
tive which can be lifted to a closed path at xo. • 

The following theorem characterizes those flbrations with unique path 
lifting which are covering projections. 

12 THEOREM Let p: X ~ X be a fibration with unique path lifting, where 
X and X are connected locally path-connected spaces. Then p is a covering 
protection if and only if there is an open covering "Il of X and a point Xo E X 
such that 

PROOF If P is a covering projection, the desired result follows from lemma II. 
Conversely, if there is such an open covering "Il and point Xo E X, it follows 
from statements 9 and 10 that for any point Xo E X, w(G/l,p(xo)) c p#w(X,xo). 
Using lemma 2.4.9, it follows that every element of "Il is evenly covered 
by p .• 
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Lemma 11 gives a necessary condition for a subgroup of '7T(X,xo) to 
correspond to a covering space. The next result proves that this necessary 
condition is also sufficient. 

13 THEOREM Let X be a connected locally path-connected space and let 
Xo E X. Let H be a subgroup of '7T(X,xo) and assume that there is an open cov­
ering CYl of X such that '7T(Gil,xo) C H. Then there is a covering projection 
p: (X,xo) ~ (X,xo) such that P#'7T(X,xo) = H. 

PROOF Suppose such a covering projection exists, and suppose, moreover, 
that the space X is path connected. The projection <p: (P(X,xo),wo) ~ (X,xo) 
of the path space of (X,xo) can then be lifted to a map <pI: (P(X,xo),wo) ~ (X,xo), 
which is surjective. If wand WI are elements of P(X,xo), then <p1(W) = <p1(WI) 
if and only if <p( w) = <p( WI) and [w * wI-I] E P#'7T(X,xo) = H. Therefore, for 
path connected X there is a one-to-one correspondence between the points of 
X and equivalence classes of P(X,xo) identifying w with WI if w(l) = wl(l) 
and [w * WI-I] E H (the group properties of H imply that this is an 
equivalence relation). Hence it is natural to try to construct X by suitably 
topologizing these equivalence classes of P(X,xo). We could start with the 
compact-open topology on P(X,xo) and use the quotient topology on the set 
of equivalence classes, but it seems no simpler than merely topologizing the 
set of equivalence classes directly, as is done below. 

We consider the set of all paths in X beginning at Xo. If wand WI are two 
such paths, set w - WI if w(l) = wl(l) and [w * wI-I] E H. This is an equivalence 
relation, and the equivalence class of w will be denoted by < w). Let X be the 
set of equivalence classes. There is a function p: X ~ X such that p( < w») = 
w(l). If U is an open subset of X and w is a path beginning at Xo and ending 
in U, < w, U) will denote the subset of X consisting of all the equivalence 
classes having a representative of the form w * WI, where WI is a path in U 
beginning at w(l). 

We prove that the collection {< w, U) } is a base for a topology on X. If 
< WI) E < w, U), then WI - w * w" for some path w" lying in U. If w is any path 
in U beginning at wl(l), then 

WI * W - (w * w") * W - w * (w" * w) 

showing that <wl,U) C (w,U). Since w - WI * w"-I, (w) E (WI,U). The same 
argument shows that (w,U) C (wl,U), and so (w,U) = <WI,U). Therefore, if 
w" E (w,U) n (WI,UI), then (w", U nUl) C (w,U) n (WI,UI), and so the 
collection {( w, U) } is a base for a topology on X. 

Let X be topologized by the topology having {( w, U) } as a base. Then p 
is continuous; for if p( (w») E U, then p( ( w, U») C u. p is also open, because 
p( (w, U») clearly equals the path component of U containing w( 1), and this is 
open because X is locally path connected. 

Let GLL be an open covering of X such that '7T(GLL,xo) CHand let V be an 
open path-connected subset of X contained in some element of GiL We show 
that V is evenly covered by p, which will imply that p is a covering projection. 
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If (W) E p-I(V), then (w,Y) C p-I(V). The sets {(w,Y) I (w) E p-I(V)} 
are open and their union equals p-I(V). If (w,Y) n (w''y) =F 0, let 
(w") E (w'y) n (w''y). Then (w"'y) = (w,V) and (w",V) = (w',V). 
Hence the sets {(w'y) I (w) E p-I(V)} are either identical or disjoint. To 
prove that V is evenly covered by p, it suffices to show that p maps each set 
(w, V) bijectively to V (because p has already been shown to be continuous 
and open). If x E V, let w' be a path in V from will to x. Then (w * w') E (w,Y) 
and p( (w * w'») = x, showing that p is surjective. Assume p( w * WI) = 
p(w * W2). Then wI(l) = w2(1), so (w * WI) * (w * w2tI is a closed path in X 
at Xo. Also, [(w * WI) * (w * w2tl] = [(w * (WI * W2- 1)) * w- I ] 

Since WI * W2- I is a path in V and V is contained in some element of U, 
[(w * (WI * W2- 1)) * w- I ] E "7T(01,xo) C H. Therefore w * WI - W * W2 and 
(w * 'WI) = (w * W2), showing that p is injective. 

We have shown that p: X ----> X is a covering projection. Let Xo = (wo), 
where Wo is the constant path in X at Xo. It remains only to verify that 
p#"7T(X,xo) = H. For this we need an explicit expression for the lift of a path 
in X that begins at Xo. Let w be a path in X beginning at xo, and for t E 1, de­
fine a path Wt in X beginning at Xo by Wt(t') = w(tt'). Let w: 1 ----> X be defined 
by wit) = (Wt). We prove that w is continuous. If w(to) E (w',U), then 
pw(to) = w(to) E U and (w',U) = (Wto'U), Let N be any open interval in 1 
containing to such that wiN) C U. If tEN, then Wt - Wlo * Wto,l, where 
Wto,I(t') = w(to + t'(t - to)). Therefore, for tEN 

wit) = (WI) = (Wlo * Wlo,t) E (Wto,U) = (w',U) 
and so w is continuous, Furthermore, pw(t) = wt(l) = wit). Hence w is a lift 
of w beginning at w(O) = Xo and ending at will = (w). 

If [w] E H, then w - Wo and (w) = xo. Therefore the lift w of w con­
structed above is a closed path in X at xo, proving that H C p#"7T(X,xo). On 
the other hand, if w' is a closed path in X at Xo and pw' = w, let w be 
the path in X constructed above. Since w is a lift of w beginning at xo, 
it follows from the unique path lifting of p that w = w'. Therefore will = 
w'(l) = fo. Since will = (w), w - wo, showing that p#"7T(X,xo) C H. • 
Note that if p: J( --> X is a universal covering space it is a regular covering. 
In fact, if Xo E X and ~ is a covering of X by open sets evenly covered by p 
than by 2.5.11 "7T( ~p(io)) c p#1T(X,xo) c 1T(X,p(xo)) 
By 2.5.13 there exists a connected covering q: CY, y) --> (X, p(xo)) such that 
q# 1T( Y, y) = 1T( ~ p(xo)). Since p: X --> X is universal there is a map f:X --> Y such 
that qf = p. By 2.5.2, p#1T(X,xo) is conjugate in 1T(X,p(Xo)) to a subgroup 
of 1T( ~ p(xo)). By 2.5.9, 1T( ~ p(xo)) is normal so we must have p 1T(X, xo) C 

1T(UZ;p(Xo) and so p#1T(X,xo) = 1T(~p(Xo)) is normal. # 

A space X is semilocally I-connected (defined in Sec. 2.4) if and only if 
there is an open covering 0[[ of X such that "7T(0[l,xo) = O. Hence we have the 
following result. 
14 COROLLARY A connected locally path-connected space X has a simply 
connected covering space if and only if X is semilocally I-connected. • 
From corollaries 14 and 6 and theorem 2 we obtain the next result. 
15 COROLLARY Any universal covering space of a connected locally path-
connected semilocally I-connected space is simply connected. • 
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Not every connected locally path-connected space has a universal cover­
ing space. We give two examples. 

16 An infinite product of I-spheres has no universal covering space. 

17 Let X be the subspace of R2 equal to the union of the circumferences of 
circles en, with n ~ 1, where en has center at (lin, 0) and radius lin. Then 
X is connected and locally path connected but has no universal covering 
space. 

It is possible for a connected locally path-connected space to have a uni­
versal covering space that is not simply connected. We present an example. 

18 EXAMPLE Let Y1 be the cone with base X equal to the space of example 17 
[Y1 can be visualized as the set of line segments in R3 joining the points of X to 
the point (0,0,1)] and let Yl be the point at which all the circles of X are tan­
gent. Let (Y2,Y2) be another copy of (Yl,Yl). Let Z = Y1 V Y2. Then Z 
is connected and locally path connected but not simply connected (cf. exercise 
l.G.7, a closed path oscillating back and forth from Y1 to Y2 around the 
decreasing circles en is not null homotopic). However, Y1 and Y2 are each closed 
contractible subsets of Z. By the lifting theorem, each of them can be lifted 
to any covering space of Z, so that Yl is lifted arbitrarily and Y2 is lifted arbitrar­
ily. Therefore any covering projection with base Z has a section. It follows 
that any connected covering space of Z is homeomorphic to Z. 

In the category of fibrations with unique path lifting over a fixed path­
connected base space (and with path-connected total spaces) there is always 
a universal object (that is, an object which has morphisms to any other object 
in the category). We sketch a proof of this fact. Let X be a path-connected 
space and let ~(X) be the collection of topological spaces whose underlying 
sets are cartesian products of X and the set of right co sets of some subgroup 
of the fundamental group of X. It follows from theorem 2.3.9 that any fibra­
tion whose base space is X and total space is path connected is equivalent to 
a fibration X --,) X, where X E ~X). Since 'X(X) is a set, those fibrations 
X --,) X with unique path lifting, where X is a path-connected space in ':,,"\:(X), 
constitute a set. We may form the fibered product of this set (as in Sec. 2.2). 
Any path component of this fibered product is then the desired universal fibration 
with unique path lifting. 

If X is a connected locally path-connected space, it follows from theorem 13 
that for any open covering G[l of X there is a path-connected covering space 
of X whose fundamental group is isomorphic to '1T("I1,xo). This implies that if X 
is a universal object in the category of path-connected fibrations over X with 
unique path lifting, then '1T(X,xo) is isomorphic to a subgroup of n-u '1T("Il,xo). 
In particular, if n~l'1T(G[L,xo) = 0, then X has a simply connected fibratioi" with 
unique path lifting that is a universal object in the category. Thus the spaces 
in examples 16 and 17 both have universal fibrations with unique path lifting 
that are simply connected. The space Z of example 18 is its own universal 
fibration with unique path lifting. 
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6 COVERING TRANSFORMATIONS 

In this section we consider a problem inverse to the one of the last section, in 
which we constructed covering projections with given base space; we ask for 
covering projections with given covering space. On any regular covering 
space we prove that there is a group of covering transformations. The cover­
ing projection is then equivalent to the projection of the covering space onto 
the space of orbits of the group of covering transformations. 

Let p: X ---7 X be a fibration with unique path lifting. It is clear that 
there is a group of self-equivalences of this fibration (a self-equivalence is a 
homeomorphism f: X ---7 X such that p 0 f = pl. We denote this group by 
G( X I X). In case p: X ---7 X is a covering projection, G( X I X) is also called the 
group of covering transformations of p. In general, there is a close analogy of 
G( X I X) with the group of automorphisms of an extension field leaving a 
subfield pointwise fixed. 

If X is path connected, it follows from lemma 2.2.4 that two self­
equivalences of p: X ---7 X that agree at one point are identical. Hence we 
have the following lemma. 

I LEMMA Let p: X ---7 X be a fibration with unique path lifting. If X is 
path connected and Xo E X, then the function f ---7 f(xo) is an iniection of 
G(X I X) into the fiber of p over p(xo). • 

Theorem 2.3.9 established a bijection from the set of right cosets of 
P#7T(X,Xo) in 7T(X,p(Xo)) to the fiber of p over p(xo). Combining the inverse of 
this bijection with the function of lemma 1 yields an injection f from G( X I X) 
to the set of right co sets of p#7T(X,Xo) in 7T(X,p(Xo)). f is defined explicitly as 
follows. For any f E G(X I X) let w be a path in X from Xo to f(xo). Then pow is 
a closed path in X at p(xo), and the right coset (p#7T(X,Xo)) [p 0 w] is independ­
ent of the choice of w. The function f assigns to f this right coset. 

Given Xo E X, let N(p#7T(X,Xo)) be the normalizer of p#7T(X,Xo) in 7T(X,p(Xo)). 
Thus N(p#7T(X,Xo)) is the subgroup of 7T(X,p(Xo)) consisting of elements 
[w] E 7T(X,p(xo)) such that p#7T(X,XO) is invariant under conjugation by [w]. 
N(p#7T(X,XO)) is the largest subgroup of 7T(X,p(Xo)) containing p#7T(X,XO) as a 
normal subgroup. 

2 THEOREM Let p: X ---7 X be a fibration with unique path lifting. Let X 
be path connected and let Xo E X. Then f is a monomorphism of G( X I X) to 
the quotient group N(p#7T(X,XO))/P#7T(X,XO). If X is also locally path connected, 
f is an isomorphism. 

PROOF We already know that f is an injection. We show that f is a function 
from G( X I X) to the set of right co sets of P#7T( X,xo) by elements of N(p#7T(X,XO)). 
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If W is a path in X from Xo to f(xo), there is a commutative square 

7T(X,p(XO)) ~ 7T(X,p(Xo)) 

Since J: (X,xo) ~ (X,f(xo)) is a homeomorphism, 

f#7T(X,XO) = 7T(X,f(XO)) 

and since P#f# = P#, 

h(po.,JP# 7T(X,:fo) = h(po.,JP#f# 7T(X,:fo) = h(po.,JP# 7T(X,f(:fo)) 
= P# h(.,J7T(X,f(:fo)) = P# 7T(X,f(:fo)) 

Hence [p 0 w] E N(p#7T(X,XO)). Because tf;(f) is equal to the right coset 
(p#7T(X,XO)) [p 0 W], tf; is an injection of G(X I X) into the set of right cosets of 
P#7T(X,XO) by elements of N(p#7T(X,XO)). 

We now verify that tf; is an homomorphism. If h h E G(X I X) let WI and 
W2 be paths in X from Xo to fl(XO) and h(xo), respectively. Then iI 0 W2 
is a path from fl(XO) to fd2(XO), and WI * (iI 0 (2) is a path from Xo to fd2(XO). 
Therefore tf;(fd2) is the right coset 

(p#7T(X,XO))[(p 0 WI) * (p 0 fl 0 (2)] = (p#7T(X,Xo))[p 0 WI] * [p 0 W2] 

and this equals tf;(iI)tf;(f2). 
Finally, we show that if X is locally path connected, tf; is an epimorphism 

to the set of right cosets of P#7T( X,xo) in N(P#7T( X,xo)). Assume that [w] E 
7T(X,p(Xo)) belongs to N(p#7T(X,Xo)). Let W be a lifting of wending at Xo and 
let x = w(O). Then 

P#7T(X,Xo) = h[wJ(p#7T(X,XO)) = P#(h[wJ7T(X,xo)) = P#7T(X,X) 

Because X is connected and locally path connected, the lifting theorem 
implies the existence of maps J: (X,xo) ~ (X,x) and g: (X, x) ~ (X,xo) such 
that p 0 f = p and p 0 g = p. From the unique-lifting property (lemma 2.2.4), 
it follows that fog = Ii and go f = Ii. Therefore f E G(X I X) and tf;(f) 
equals the right coset (p#7T(X,Xo))[w]-I. • 

Combining theorem 2 with theorem 2.3.12, we have the following 
corollary. 

3 COROLLARY Let p: X ~ X be a fibration with unique path lifting. If X 
is connected and locally path connected and Xo E X, then p is regular if and 
only if G(X I X) is transitive on each fiber of p, in which case 

tf;: G(X I X) :::::: 7T(X,p(XO))/P#7T(X,XO) • 
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If X is simply connected, any fibration p: X ~ X is regular, and we also 
have the next result. 

4 COROLLARY Let p: X ~ X be a fibration with unique path lifting, 
where X is simply connected, locally path connected, and nonempty. Then 
the group of self-equivalences of p is isomorphic to the fundamental group of 

X. -

If p: X ~ X is a regular covering projection and X is connected and 
locally path connected, then X is homeomorphic to the space of orbits of 
G(X I X) (an orbit of a group of transformations G acting on a set S is 
an equivalence class of S with respect to the equivalence relation Sl - S2 if 
there is g E G such that gSl = S2). We are interested in the converse problem 
-that is, in knowing what conditions on a group G of homeomorphisms of a 
topological space Y will ensure that the projection of Y onto the space of 
orbits Y IG is a regular covering projection whose group of covering trans­
formations is equal to G. 

A group G of homeomorphisms of a topological space Y is said to be dis­
continuous if the orbits of G in Yare discrete subsets of Y. G is properly 
discontinuous if for y E Y there is an open neighborhood U of y in Y such 
that if g, g' E G and g U meets g' U, then g = g'. G acts without fixed points 
if the only element of G having fixed points is the identity element. The 
following are clear. 

:. A properly discontinuous group of homeomorphisms is discontinuous 
and acts without fixed points. -

6 A finite group of homeomorphisms acting without fixed points on a 
Hausdorff space is properly discontinuous. -

If G is the group of covering transformations of a covering projection, 
then a simple verification shows that G is properly discontinuous. We now 
show that any properly discontinuous group of homeomorphisms defines a 
covering projection. 

7 THEOREM Let G be a properly discontinuous group of homeomorphisms 
of a space Y. Then the protection of Y to the orbit space Y I G is a covering 
protection. If Y is connected, this covering protection is regular and G is its 
group of covering transformations. 

PROOF Let p: Y ~ YIG be the projection. Then p is continuous. It is 
an open map, for if U is an open set in Y, then p-1(p(U)) = U {gU I g E G} 
is open in Y, and therefore pUis open in Y I G. Let U be an open subset of Y 
such that whenever gU meets g'U, then g = g'. We show that p(U) is evenly 
covered by p. The hypothesis on U ensures that {gU I g E G} is a disjoint col­
lection of open sets whose union is p-1(p(U)). It suffices to prove that p I gU 
is a bijection from gU to p(U). If Y E U, then p(gy) = p(y), so p(gU) = p(U). 
If P(gY1) = P(gY2), with Y1, Y2 E U, there is g' E G such that gY1 = g'gY2' 
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Therefore gU meets g'gU, and g = g'g. Hence g' = ly and gYl = gY2' We 
have proved that p is a homeomorphism of gU onto p( U). Since G is properly 
discontinuous, the sets p( U) evenly covered by p constitute an open covering 
of YIG. 

Because p(gy) = p(y), we see that G is contained in the group of 
covering transformations of p. Since G is transitive on the fibers of p, it 
follows from theorem 2.2.2 that if Y is connected, G equals the group of cov­
ering transformations. Since the group of covering transformations is transi­
tive on each fiber, the covering projection is regular. -

U COROLLARY Let G be a properly discontinuous group of homeomorphisms 
of a simply connected space Y. Then the fundamental group of the orbit 
space Y I G is isomorphic to G. 

PROOF By theorem 7, G is the group of covering transformations of the reg­
ular covering projection p: Y -c1> Y I G. By theorem 2, If; is a monomorphism of 
G into the fundamental group of Y I G. Because G is transitive on the fibers of 
p, If; is an isomorphism. -

9 EXAMPLE Let S3 = {(ZO,Zl) E C211zo12 + IZll2 = I} and let p and q be 
relatively prime integers. Define h: S3 -c1> S3 by 

h(zo,zl) = (e27TiIPzo,e27TQiIPZl) 

Then h is a homeomorphism of S3 with period p (that is, hP = 1), and Zp acts 
on S3 by 

n(ZO,Zl) = hn(ZO,Zl) 

where n denotes the residue class of the integer n modulo p. In this way Zp 
acts without fixed points on S3. The orbit space of this action of Zp on S3 is 
called a lens space and is denoted by L(p,q). By statement 6 and corollary 8, 
the fundamental group of L(p,q) is isomorphic to Zp. 

10 EXAMPLE Let S2n+l = {(ZO,Zl, ... ,zn) E Cn+l I ~ IZil2 = I} and let 
ql, ... ,qn be integers relatively prime to p. Define h: S2n+1 -c1> S2n+l by 

Then, as in example 9, h determines an action of Zp on S2n+1 without fixed 
points; the orbit space is called a generalized lens space and is denoted by 
L(P,ql, . . . ,qn). Its fundamental group is isomorphic to Zp. 

It is possible to use theorem 7 to show that the projection Y -c1> Y IG is 
a regular fibration with unique path lifting even when it may not be a cover­
ing projection. Note that if G acts on Y without fixed points, so does any sub­
group of G, and if G' is a normal subgroup of Y, then GIG' acts without fixed 
points on Y I G'. 

I I THEOREM Let G be a group of homeomorphisms acting without fixed 
points on a path-connected space Y and assume that there is a decreasing 
sequence of subgroups 
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such that 

( a ) n Gn = {!y} 
(b) Gn+1 is a normal subgroup of Gn for n ~ 0 
(c) Gn/Gn+1 is a properly discontinuous group of homeomorphisms on 
Y/Gn+1 and the proiection Y -3> Y/Gn is a closed map for n ~ 0 
(d) Any orbit of Y under Gn for n ~ 0 is compact 
Then the proiection p: Y -3> Y /G is a regular fibration with unique path 

lifting whose group of self-equivalences is G. 

PROOF Since Y/Gn = (Y/Gn+I)/(Gn/Gn+I)' it follows from (c) and theorem 
7 that the projection 

pn+l: Y/Gn+1 -3> Y/Gn 

is a regular covering projection for n ~ O. Let 

Y = {(Yn) E X (Y /Gn) I Pn+I(Yn+l) = Yn for n ~ O} 

and define p: Y -3> Y/G by p((Yn)) = yo. It is easy to verify that P is a fibra­
tion with unique path lifting (it is the fibered product of the maps 
{plo ... 0 Pi}). 

For n ~ 0 there is a continuous closed projection map cpn: Y -3> Y /Gn 
such that pn+1 0 CPn+1 = CPn. Therefore there is a continuous closed map 
cP: Y -3> Y defined by cp(y) = (CPn(Y)) and such that P 0 cP = p. To prove that cP 
is a homeomorphism, it suffices to show that it is a bijection. If cp(y) = cp(Y'), 
then for n ~ 0 there is gn E Gn such that Y = gnY'· Then gnY' = gmY' for all 
m and n, and because G acts without fixed points, gm = gn for all m and n. 
Therefore gn E Gm for all m, and by (a), gn = !y. It follows that Y = y', and 
hence that cP is injective. 

If (Yn) E Y, then CPn -IYn is an orbit of Y under Gn. By (d), CPn -IYn is 
compact. Since 

CPn -IYn = CP;;~IP;;~IYn :J CP;;~IYn+l 

the collection {CPn -IYn} consists of compact sets having the finite-intersection 
property. Therefore n CPn -IYn =1= 0. If yEn CPn -IYn, then cp(y) = (Yn), 
showing that cP is surjective. 

We have shown that cP: Y -3> Y is a homeomorphism. Therefore p: Y -3> Y / G 
is a fibration with unique path lifting. Since each element of G is a self­
equivalence of p, the group of self-equivalences of p is transitive on each 
fiber. By corollary 3, p is a regular fibration and G is the group of self­
equivalences of p. • 

7 FIBER BUNDLES 

A covering space is locally the product of its base space and a discrete space. 
This is generalized by the concept of fiber bundle, defined in this section, 
because the total space of a fiber bundle is locally the product of its base 
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space and its fiber. The main result is that the bundle projection of a fiber 
bundle is a fibration. l 

A fiber bundle ~ = (E,B,F,p) consists of a total space E, a base space B, 
a fiber F, and a bundle projection p: E ----'> B such that there exists an open 
covering {U} of B and, for each U E {U}, a homeomorphism CPu: U X F----,> 
p-l( U) such that the composite 

<Pc p 
U X F ~ p-l(U) ----'> U 

is the projection to the first factor. Thus the bundle projection p: E ----'> Band 
the projection B X F ----'> B are locally equivalent. The fiber over b E B is de­
fined to equal p-l(b), and we note that F is homeomorphic to p-l(b) for every 
b E B. Usually there is also given a structure group C for the bundle consisting 
of homeomorphisms of F, and we define this concept next. 

Let C be a group of homeomorphisms of F. Given a space F' and a col­
lection <P = {cp} of homeomorphisms cp: F ----'> F', define cpg: F ----'> F' for cp E <P 
and g E C by cpg(y) = cp(gy) for y E F. The collection <P is called a C struc­
ture on F'if 

(a) Given cp E <P and g E C, then cpg E <P 
(b) Given CPl, cpz E <P, there is g E C such that CPl = CPzg 

Condition (a) implies that C acts on the right on <P, and condition (b) implies 
that this action of C is transitive on <P. A fiber bundle (E,B,F,p) is said to have 
structure group C if each fiber p-l(b) has a C structure <p(b) such that there 
exists an open covering {U} of B and, for each U E {U}, a homeomorphism 
CPu: U X F ----'> p-l( U) such that for b E U, the map F ----'> p-l(b) sending x to 
cpu(b,x) is in <p(b). It is clear that a given fiber bundle can always be given the 
structure of a fiber bundle with structure group the group of all homeomor­
phisms of F. It is also clear that a given fiber bundle can sometimes be given 
the structure of a fiber bundle with two different structure groups of homeo­
morphisms of F. 

An n-plane bundle, or real vector bundle, is a fiber bundle whose fiber is 
Rn and whose structure group is the general linear group CL(Rn), which con­
sists of all linear automorphisms of Rn. A complex n-plane bundle, or complex 
vector bundle, is a fiber bundle whose fiber is en and whose structure group 
is CL(cn). 

We give some examples. 

I For spaces Band F the product bundle is the fiber bundle (B X F, B, F, p), 
where p: B X F ----'> B is projection to the first factor (it has the trivial group 
as structure group). 

2 Given that p: g ---t X is a covering projection and X is a connected and 
locally path connected space, if Xo E X, then (X,X,p-l(Xo),p) is a fiber bundle 
(and if X is path connected, it can be given the structure of a fiber bundle with 

1 For the general theory of fiber bundles see N. E. Steenrod, The Topology of Fibre Bundles, 
Princeton University Press, Princeton, N.J., 1951. 
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structure group 7T(X,Xo), where 7T(X,Xo) acts on p-1(Xo) by [w]£ = £[W]-1, with the 
right-hand side as in the proof of theorem 2.3.9). 

3 Given that M is a differentiable n-manifold and T(M) is the set of all tan­
gent vectors to M, there is a fiber bundle (T(M ),M,Rn,p), where p: T(M) ---7 M 
assigns to each tangent vector its origin. This is called the tangent bundle 
and is denoted by r(M). Because it can be given the structure group GL(Rn), 
it is an n-plane bundle, and if M is a complex manifold of complex dimension 
m, then r(M) is a complex m-plane bundle. 

4 Given that H is a closed subgroup of a Lie group G and that GIH is the 
quotient space of left cosets and p: G ---7 G I H the projection, then (G, GI H,H,p) 
is a fiber bundle (having structure group H acting on itself by left translation). 

5 Represent 5n as the union of closed hemispheres E"- and E~ with inter­
section 5n - 1 and let G be a group of homeomorphisms of a space F. Given a 
map cp: 5n - 1 ~ G such that the map 5n - 1 X F ~ F sending (x,y) to cp(x)y is 
continuous, let Eq; be the space obtained from (E"- X F) v (E'l- X F) by identi­
fying (x,y) E E"- X F with (x,cp(x)y) EE~ X F for x E 5n - 1 and y E F. These 
identifications are compatible with the projections E"- X F ~ E"- and 
E':- X F ~ E~. Therefore there is a map pq;: Eq; ~ 5n such that each of the 
composites 

P. 5 E~ X F ---7 Eq; ----7 n and 

is projection to the first factor. Then (E<p,5n,F,p<p) is a fiber bundle (having 
structure group G) which is said to be defined by the characteristic map cpo 

6 Let Pn(C) be the n-dimensional complex projective space coordinatized 
by homogeneous coordinates. If Zo, Zl, . . . , Zn E C are not all zero, let 
[zo,Zl, ... ,znl E Pn(C) be that point of Pn(C) having homogeneous coordi­
nates Zo, Zl, ... , Zn. Regard 52n+1 as the set {(ZO,Zl, . . . ,zn) E Cn+1 I 
~ IZil2 = I} and define p: 52n+1 ---7 Pn(C) by P(ZO,Zl, ... ,zn) = [zo,Zl, ... ,znl 
If Ui C Pn(C) is the subset of points having a nonzero ith homogeneous 
coordinate, it is easy to see that p-1( Ui ) is homeomorphic to Ui X 51. There­
fore there is a fiber bundle (52n+1,Pn(C),51,p) (having structure group 51 acting 
on itself by left translation), and this is called the Hopf bundle. 

7 If Q is the division ring of quaternions, there is a similar map 
p: 54n+3 ---7 Pn(Q) and a quaternionic Hopf bundle (54n+3,Pn(Q),53,p) (having 
structure group 53 acting on itself by left translation). 

The structure group will not be important for our purposes. Thus we 
define an n-sphere bundle to be a fiber bundle whose fiber is 5n [usually it is 
also required that it have as structure group the orthogonal group O(n + 1) of 
all isometries in GL(Rn+1 )]. If ~ is an n-sphere bundle, we shall denote its 
total space by E~. The mapping cylinder of the bundle projection E~ ---7 B is 
the total space E~ of a fiber bundle (E~,B,En+l,p~), where P( E~ ---7 B is the re­
traction of the mapping cylinder to B (and p< I E~: E< ---7 B is the original 
bundle projection). 
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If ~ = (E,B,Rn+l,p) is an (n + I)-plane bundle having structure group 
O(n + 1), it is possible to introduce a norm in each fiber p-l(b). The subset 
E' C E of all elements in E having unit norm is the total space of an n-sphere 
bundle (E', B, Sn, pIE') called the unit n-sphere bundle of ~. If the base space 
B of an (n + I)-plane bundle is a paracompact Hausdorff space, the bundle 
can always be given O(n + 1) as structure group. In particular, there is a unit 
tangent bundle of a paracompact differentiable manifold. 

Two fiber bundles (El,B,F,Pl) and (E2,B,F,P2) with the same fiber and 
same base are said to be equivalent if there is a homeomorphism h: El ~ E2 
such that P2 0 h = Pl. If they both have structure group G, they are equiva­
lent over G if there is a homeomorphism h as above, with the additional 
property that if cp E <l>l(b), then h 0 cp E <I>2(b) for b E B. A fiber bundle is 
said to be trivial if it is equivalent to the product bundle of example 1 (or, 
equivalently, if it can be given the trivial group as structure group). 

In view of example 2, fiber bundles are related to covering spaces in 
much the same way that fibrations are related to fibrations with unique path 
lifting. The rest of this section is devoted to a proof of the fact that in a fiber 
bundle (E,B,F,p) whose base space B is a paracompact Hausdorff space the 
map p is a fibration. 

A map p: E ~ B is called a local fibration if there is an open covering 
{U} of B such that p I p-l( U): p-l( U) ~ U is a fibration for every U E {U}. 
It is clear that a fibration is a local fibration 1 and that any bundle projection 
is a local fibration. 

Given a map p: E ~ B, we define a subspace BeE X BI by 

B = ((e,w) E E X BI I w(O) = p(e)} 

There is a map p: EI ~ B defined by p(w) = (w(O), pow) for w: I ~ E. 
A lifting function for p is a map 

A: B ~ EI 

which is a right inverse of p. Thus a lifting function assigns to each point 
e E E and path w in B starting at p(e) a path A(e,w) in E starting at e that is a 
lift of w. The relation between lifting functions and fibrations is contained in 
the following theorem. 

8 THEOREM A map p: E ~ B is a fibration if and only if there exists a 
lifting function for p. 

PROOF The proof involves repeated use of theorem 2.8 in the Introduction. 
If p is a fibration, letf': B ~ E and F: ii X I ~ B be defined by f'(e,w) = e 

lOur proof of the converse for paracompact Hausdorff spaces B can be found in W. Hurewicz, 
On the concept of fibre space, Proceedings of the National Academy of Sciences, U.S.A., vol. 
41, pp. 956-961 (1955). Another proof can be found in W. Huebsch, On the covering homo­
topy theorem, Annals of Mathematics, vol. 61, pp. 555-563 (1955). Generalizations and 
related questions are treated in A. Dold, Partitions of unity in the theory of fibrations, Annals 
of Mathematics, vol. 78, pp. 223-255 (1963). 
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and F((e,w), t) = w(t). Then 

F((e,w),O) = w(O) = p(e) = (p 0 f')(e,w) 

By the homotopy lifting property of p, there is a map F': B X I ~ E such 
that F'((e,w), 0) = f'(e,w) = e and p 0 F' = F. F' defines a lifting function A 
for p by 11.( e,w)( t) = F'( (e,w), t). 

Conversely, if A is a lifting function for p, let f': X ~ E and F: X X I ~ B 
be such that F(x,O) = pf'(x). Let g: X ~ BI be defined by g(x)(t) = F(x,t). 
There is a map F': X X I ~ E such that F'(x,t) = A(f'(x),g(x))(t). Because 
F'(x,O) = f'(x) and p 0 F' = F, P has the homotopy lifting property. • 

Let p: E ~ B and let W be a subset of BI. Let iT be defined by 

W = {(e,w,s) E E X W X I I w(s) = p(e)} 

An extended lifting function over W is a map 

A: W~ EI 

such that p(A(e,w,s)(t)) = w(t) and A(e,w,s)(s) = e. Thus an extended lifting 
function is a function which lifts paths to paths that pass through a given 
point of E at a given parameter value. It is reasonable to expect the following 
relation between the existence of lifting functions and extended lifting 
functions. 

9 LEMMA A map p: E ~ B has a lifting function if and only if there is 
an extended lifting function over BI. 

PROOF If A is an extended lifting function over BI, a lifting function A for p is 
defined by A(e,w) = A(e,w,O). 

To prove the converse, given a path w in B, let Ws and Ws be the paths in 
B defined by 

( w(s - t) 
ws(t) = w(O) 

S(t) _ (w(s + t) 
w - w(1) 

O:=;t:=;s 
s:=;t:=;1 

0:=;t:=;1-s 
1-s<t<1 

The maps (w,s) ~ Ws and (w,s) ~ WS are continuous maps BI X I ~ BI. 
Given a lifting function A: B ~ EI for p, we define an extended lifting func­
tion A over BI by 

(A(e,ws)(s - t) 
A(e,w,s)(t) = A(e,wS)(t _ s) 

The main step in proving that a local fibration is a fibration is the fitting 
together of extended lifting functions over various open subsets of BI. For this 
we need an additional concept. A covering {W} of a space X is said to be 
numerable if it is locally finite and if for each W there is a function 
fw: X ~ [0,1] such that W = {x E X I fw(x) =1= O}. 
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10 LEMMA Let p: E ~ B be a map. If there is a numerable covering {Wj} 
of B1 such that for each i there is an extended lifting function over Wj, then 
there is a lifting function for p. 

PROOF Let the indexing set be J = U} and for each i let fj: B1 ~ I be a map 
such that Wj = {w E B1 I fj(w) =1= O}. For any subset a C !let W" = Uh " Wj 
and define f,,: BI ~ R by 

f,,(w) = L.jE"fj(W) 

(this is a finite sum and is continuous because {Wj} is locally finite). Then 
f,,(w) ~ 0 for w E B1 and 

W" = {w E B1 I f,( w) =1= O} 

We define B" = {(e,w) E B I w E W,,}, 
Consider the set of pairs (a,A,,), where a C J and A,,: B" ~ E1 is a lifting 

function over B" [that is, A,,(e,w)(O) = e and pA,,(e,w)(t) = w(t)). We define a 
partial order S in this set by (a,A,,) S ({3,Ap) if a C {3 and A,,(e,w) = Ap(e,w) 
whenever (e,w) E B" and f,,(w) = fp(w) [so if (e,w) E B" and A,,(e,w) =1= Ap(e,w), 
then w E W j for some i E {3 - a). 

To prove that every simply ordered subset {ai,A"I} has an upper bound, 
let {3 = U ai. We shall define Ap: Bp ~ E1 so that (ai,A"I) S ({3,Ap) for all i. 
Let U be any open subset of Wp meeting only finitely many Wj with i E {3, 
say Wj" ... , Wjr (Wp can be covered by such sets U). Choose i so that 
it, . . . , ir all belong to ai· Then if ai C ak, f"l I U = f"k I U. Because 
(ai,A"I) S (ak,A"k)' it follows that A"j(e,w) = A"k(e,w) for (e,w) E B"l' with 
w E U. Therefore there exists a map Ap: Bp ~ EI such that Ap(e,w) = A"j(e,w) 
for ai sufficiently large. We now show that (ai,A"I) S ({3,Ap). If (e,w) E B"l 
and A"l(e,w) =1= Ap(e,w), there exists ak such that (ai,A"I) S (ak,A"k) and 
A"l(e,w) =1= A"k(e,w). This implies w E Wj for some i E ak - ai. Therefore 
w E Wi for some i E {3 - ai, hence (ai,A"i) S ({3,Ap). 

By Zorn's lemma, there is a maximal element (a,A,,). To complete the 
proof we need only show that a = J. If a =1= J, let io E J - a and let 
{3 = a U {to}. Define g: Wp ~ R by g(w) = f,,(w)/fp(w). Then 0 S g(w) S 1, 
g(w) =1= 0 ¢=:> W E W", and g(w) =1= 1 ¢=:> W E Wio' Define f.L: Bio ~ E by 

f.L(e,w) = [~,,(e'W)(2g(W) - %) 
A,,(e,w)(g(w)) 

Os g(w) S ¥oJ 
¥oJ S g(w) S % 
% S g(w) S 1 

Then f.L is continuous. Let A be an extended lifting function over Wjo and 
define Ap: Bp ~ E1 by 

Ap(e,w)(t) = 

A(e,w,O)(t) 
A,,(e,w)(t) 
A(f.L(e,w), w, 2g(w) - %)(t) 
A,,(e,w)(t) 
A(f.L(e,w), w, g(w))(t) 

Os t S 2g(w) - %} 
2g(w) - % S t S 1 
Os t s g(w) } 
g(w) S t S 1 

Os g(w) S ¥oJ 

¥oJ S g(w) S % 

% S g(w) S 1 

Then Ap is a well-defined lifting function over Wp. Moreover, for (e,w) E 13", 
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if Aa(e,w) =1= Aj3(e,w), then g(w) =1= 1 and w E Wjo' Since io E f3 - a, this 
means that (a,Aa) < (f3,Aj3), contradicting the maximality of (a,Aa). -

In case p has unique path lifting, lemma lO would hold for any open 
covering {Wj} of BI such that there is a lifting function over Wj for each i 
(because the uniqueness of lifted paths enables the extended liftings to be 
amalgamated to a lifting for p). This was used in the proof of the theorem 
that a covering projection is a fibration (theorem 2.2.3), which was valid with­
out any assumption on the base space. 

II LEMMA Given a map p: E ---? B and subsets Ub . ., Uk of B such 
that there is an extended lifting function over U1I, U2I,. , Ui, let W be 
the subset of BI defined by 

W = { w E BI I w ([ i k 1 , ~J) C Ui for i = 1, . . . , k} 
Then there is an extended lifting function over W. 

PROOF Let Ai be an extended lifting function over U/ for i = 1, . . . , k. 
Given a path w E W, let Wi be the path equal to w on [(i - l)/k, ilk] and 
constant on [0, (i - l)/k] and on [ilk, 1]. Given (e,w,s) E W such that 
(n - l)/k :::;; s :::;; nlk, define ei E E for i = 0, ... , k inductively so that 

en-l = An(e,wn,s) ( n k 1 ) 

en = An(e,wn,s)( ~) 

and 

An extended lifting function A over W is defined by 

Ai (ei,wi' 1 )(t) 

A(e,w,s)(t) = An(e,wn,s)(t) 

i-1<t<i.<n-1 
k - -k- k 

n-1<t<~ 
k - - k 

~<i<t<i+1 
k- k- - k 

We are now ready for the main result on the passage from a local fibra­
tion to a fibration. 

12 THEOREM Given a map p: E ---? B and a numerable covering GIL of B such 
that for U E GIL, P I p-l(U): p-l(U) ---? U is a fibration, then p is a fibration. 

PROOF Let GIL = {Uj } and for k 2: 1, given a set of indices fl, . . . ,ik, let 
With ... ik be the subset of BI defined by 

Whh ... ik = {w E BI I w ([ i k 1 , ~]) C Uji> i = 1, ... , k} 
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It is then clear that the collection {Whh ... h} (with k varying) is an open 
covering of BI, and by lemma 11, each set Whiz ... ik has an extended lifting 
function. For k fixed the collection {Whh ... ik} is locally finite. In fact, if 
W E BI, for each i = 1, ... , k there is a neighborhood Vi of w([(i - l)lk, ilk]) 
meeting only finitely many Vj. Then n1,,;i,,;k <[(i - l)lk, ilk], Vi) is a neigh­
borhood of W meeting only finitely many {Whh .. ik}' 

For each 1 let fr B ~ I be a continuous map such that jj(b) =I=- 0 if and 
only if b E Vj. Define h, ... h: BI ~ I by 

h,,,.h(W) =inf{Aw(t)I ikl :=::;t:=::; ~,i=l, ... ,k} 

Thenjj, .. . h(w) =I=- 0 if and only if wE Wh ... h' 

Unfortunately, the collection {Whiz ... h} (all k) is not locally finite, 
otherwise the proof would be complete by lemma 10. This difficulty is circum­
vented by modifying the sets Whiz ... ik' Since for fixed m the collection 
{Wh ... h} with k < m is locally finite, the sum of the functions h, ... ik with 
k < m is a continuous real-valued function gm on BI. Define 

!i! ... jm = inf(sup(O,.ii, ... jm - mgm), 1) 

Then!i, ... jm: BI ~ I and we define Wi! ... jm = {w E BI l!i! ... jm(w) =I=- OJ. 
Clearly, Wi! ... jm C Wj, ... jm; therefore there is an extended lifting function 
over Wi, ... jm' To complete the proof, it follows from lemma 10 that we need 
only verify that {Wi, ... ik} (with k varying) is a locally finite covering of BI. 

For w E BI, let m be the smallest integer such that .ii! ... jm(w) =I=- 0 for 
some it, ... ,1m. Then gm(w) = 0 and!i, .. . jm(w) = h, .. . jm(w) =I=- o. There­
fore w E Wi, ... jm' proving that {Wi! .. , jm} is a covering of BI. To show that it 
is locally finite, assume N chosen so that N> m and hI'" im(W) > liN. Then 
~(w) > liN and NgMW) > 1. Hence N~(W') > 1 for all Wi in some neighbor-
hood Vof w. Therefore all functions f il ... ik with k 2 N vanish on V. But this 
means that the corresponding set Wi! ... ik is disjoint from V. Since the collec-
tion {Wi, ... ik} with k < N is locally finite, the collection {Wi! . " ik} (all k) is 
locally finite. -

The fact that any open covering of a paracompact Hausdorff space has a 
numerable refinement, leads to our next theorem. 

13 THEOREM If B is a paracompact Hausdorff space, a map p: E ~ B is a 
fibration if and only if it is a local fibration. -

A bundle projection is a local fibration. Therefore, we have the following 
corollary. 

14 COROLLARY If (E,B,F,p) is a fiber bundle with base space B paracom­
pact and Hausdorff, then p is a fibration. -

8 FIURATIONS 

This section contains a general discussion of fibrations. We establish a relation 
between cofibrations and fibrations which allows the construction of fibrations 
from cofibrations by means of function spaces. We also prove that every map 
is equivalent, up to homotopy, to a map that is a fibration (this dualizes a 
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similar result concerning cofibrations). The section contains definitions of the 
concepts of fiber homotopy type and induced fibration and a proof of the 
result that homotopic maps induce fiber-homotopy-equivalent fibrations. 

We begin with an analogue of theorem 2.7.8 for cofibrations. Given a 
map f: X' ~ X, let X be the quotient space of the sum (X' X I) v (X X 0), 
obtained by identifying (x',O) E X' X I with (f(x'),O) E X X 0 for all x' EX'. 
We use [x',t] and [x,O] to denote the points of X corresponding to (x',t) E X' X I 
and (x,O) E X X 0, respectively. Then [x',O] = [f(x'),O]. There is a map 

defined by 

i: X~ X X I 

i[x',t] = (f(x'),t) 
i[x,O] = (x,O) 

x' EX', tEl 
x E X 

A retracting function for f is a map 

p: X X I ~ X 

which is a left inverse of [. In case f is a closed inclusion map, so is [, and a re­
tracting function for f is a retraction of X X I to t!le subspace X' X I U X X O. 

I THEOREM A map f: X' ~ X is a cofibration if and only if there exists a 
retracting function for f. 
PROOF If f is a co fibration, let g: X ~ X and G: X' X I ~ X be the maps 
defined by g(x) = [x,O] and G(x',t) = [x',t]. Because 

G(x',O) = [x',0] = [f(x'),O] = gf'(x) 

it follows from the fact that f is a co fibration that there exists a map p: X X I ~ X 
such that p(x,O) = g(x) and p(f(x'),t) = G(x',t). Then p is a retracting function 
for f. 

Conversely, given maps g: X ~ Y and G: X' X I ~ Y such that 
G(x',O) = gf(x') for x' E X', define 

G:X~Y 

by G[x',t] = G(x',t) and G[x,O] = g(x). If p: X X I ~ X is a retracting func­
tion for f, the map F = Gop: X X I ~ Y has the properties F(x,O) = g(x) 
and F(f(x'),t) = G(x',t), showing that f is a cofibration. -

This leads to the following construction of fibrations from cofibrations. 

2 THEOREM Let f: X' ~ X be a cofibration, where X' and X are locally 
compact Hausdorff spaces, and let Y be any space. Then the map p: yx ~ yX' 
defined by p(g) = g 0 f is a fibration. 

PROOF Let p: X X I ~ X be a retracting function for f (which exists by 
theorem 1). Then p defines a map 

p': yx ~ yXXJ 

such that p'(g) = gop for g: X ~ Y. Because X' and X are locally compact 
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Hausdorff spaces, so is X, and by theorem 2.9 in the introduction, yXXI::::; (yX)I 
and 

yX::::; {(g,G) E yx X (yx)ll go f = G(O)} 

Therefore p' corresponds to a lifting function for p: yx ~ yx, and by 
theorem 2.7.8, p is a fibration. • 

3 COROLLARY For any space Y let p: yI ~ Y X Y be the map p(w) = 
(w(O),w(l)) for w: I ~ y. Then p is a fibration. 

PROOF Because i X I U I X 0 is a retract of I X I, the inclusion map i C I 
is a co fibration [equivalently, the pair (I,~ has the homotopy extension prop­
erty with respect to any space]. The result follows from theorem 2 and the 
observation that yi is homeomorphic to y X Y under the map g ~ (g(O),g(l)) 
for g: i ~ Y. • 

Let f: B' ~ Band p: E ~ B be maps and let E' be the subset of B' X E 
defined by 

E' = {(b',e) E B' X E I f(b') = p(e)} 

E'is called the fibered product of B' and E (more precisely, the fibered product 
of f and p; cf Sec. 2.2). Note that there are maps p': E' ~ B' and 1'; E' ~ E 
defined by p'(b',e) = b' and f' (b',e) = e. E' and the maps p' and f' are 
characterized as the product of f: B' ~ Band p: E ~ B in the category 
whose objects are continuous maps with range B and whose morphisms are 
commutative triangles 

h 
Xl ~ Xz 
gl\ Igz 

B 

The following properties are easily verified. 

4 If pis in;ective (or sur;ective), so is p'. • 

:; If p: B X F ~ B is the trivial fibration, then p': E' ~ B' is equivalent to 
the trivial fibration B' X F ~ B'. • 

6 If P is a fibration (with unique path lifting), so is p'. • 

7 If P is a fibration, f can be lifted to E if and only if p' has a section. • 

Note that since the fibered product is symmetric in Band E (or rather, 
in f and p), there is a similar set of statements where p and p' are replaced by 
f andf'. 

If p: E ~ B is a fibration (or covering projection) and f: B' ~ B is a map, 
then, by property 6 (or property 5), p': E' ~ B' is a fibration (or covering 
projection) and is called the fibration induced from p by f (or covering pro­
;ection induced from p by f). If ~ = (E,B,F,p) is a fiber bundle and f: B' ~ B 
is a map, it follows from property 5 that there is a fiber bundle (E',B' ,F,p'). 
This is called the fiber bundle induced from ~ by f and is denoted by f*~. In 
the case of an inclusion map i: B' C B we use E I B' to denote the fibered 
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product of B' and E, and if ~ is a fiber bundle with base space B, ~ I B' will 
denote the fiber bundle with base space B' induced by i. Observe that ~ I B' 
is equivalent to (p-l(B'), B', F, P I p-l(B' )). 

8 COROLLARY For any space Y and point yo E Y, let p: P(Y,Yo) ~ Y be 
the map sending each path starting at yo to its endpoint. Then p is a fibra­
tion whose fiber over yo is the loop space ny. 
PROOF Let f: Y ~ Y X Y be defined by f(y) = (Yo,Y) and let p: yI ~ Y X Y 
be the fibration of corollary 3. The fibration induced by f is equivalent to the 
map p: P(Y,Yo) ~ Y, where p(w) = w(l), and p-l(yO) the fiber over yo, is by 
definition, the loop space Q Y. • 

It follows from corollary 3 that the map p': yI ~ Y defined by p' (w) = w(O) 
[or by p'(W) = w(l)] is a fibration, because it is the composite of fibrations 
yI ~ Y X Y ~ Y. If p: E ~ B is any map and p': BI ~ B is the fibration 
defined by p'(W) = w(O), then the fibered product of E and BI is just the 
space B used to define the concept of lifting function for p. 

These remarks about fibered products and induced fibrations have ana­
logues for cofibrations. Given maps fl: X ~ Xl and fz: X ~ X2 , the cofibered 
sum of Xl and X2 is the quotient space X' of Xl v X2 obtained by identifying 
ft(x) with fz(x) for all x EX. There are maps il: Xl ~ X' and i2: X2 ~ X', and 
these characterize X' as the sum of ft and fz in the category whose objects 
are maps with domain X and whose morphisms are commutative triangles. If 
fl: X ~ Xl is a cofibration, so is i2: X2 ~ X', and this is called the co fibration 
induced from fl by fz. 

The map ho: X' ~ X' X I defined by ho(x') = (X',O) is a co fibration for 
any space X', and if f: X' ~ X is any map, the cofibered sum of X' X I and X 
is just the space X used to define the concept of retracting function for f. 

Let p: E ~ B be a fibration. Maps fo, ft: X ~ E are said to be fiber 
homotopic, denoted by fo p fl, if there is a homotopy F: fo ~ ft such that 

pF(x,t) = pfo(x) for x E X and tEl (in which case p 0 fo = po /1). This is an 
equivalence relation in the set of maps X ~ E. The equivalence classes are 
denoted by [X;E ]p, and if f: X ~ E, [f]p denotes its fiber homotopy class. 
The concept of fiber homotopy is dual to the concept of relative homotopy. 

We use induced fibrations to prove that any map is, up to homotopy 
equivalence, a fibration. Let f: X ~ Y and let p': yI ~ Y be the fibration de­
fined by p'(W) = w(O). Let p: Pf ~ X be the fibration induced from p' by f. 
It is called the mapping path fibration of f and is dual to the mapping cylinder. 
There is a section s: X ~ P, of p defined by s(x) = (X,wf(xj), where wf(xj is the 
constant path in Y at f(x). There is also a map pI!: Pf ~ Y defined by 
pl!(x,w) = w(l). We then have the following dual of theorem 1.4.12. 

9 THEOREM Given a map f: X ~ Y, there is a commutative diagram 

X ~ P, 
f\ Ip" 

Y 



100 COVERING SPACES AND FIBRATIONS CHAP. 2 

such that 
(a) lp{ p sop 
(b) p" is a fibration 

PROOF The triangle is commutative by the definition of the maps involved. 
(a) Define F: P, X I ~ P, by F((x,w), t) = (X,Wl_t), where Wl_t(t') = 

w((l - t)t'). Then F is a fiber homotopy from lp{ to sop. 
(b) Let g: W ~ Pf and G: W X I ~ Y be such that G(w,O) = p"g(w) 

for wE W. Then there exist maps g': W ~ X and g": W ~ YI such that 
g"(w)(O) = fg'(w) and g(w) = (g'(w),g"(w)) for wE W. We define a lifting 
G': W X I ~ P, of G beginning with g by G'(w,t) = (g'(w), g(w,t)), where 
g( w,t) E yI is defined by 

g(wt)(t') = {g"(w)(2t'/(2 - t)) 
, G(w,2t' + t - 2) 

° :s; 2t' :s; 2 - t :s; 2, w E W 
1 :s; 2 - t :s; 2t' :s; 2, w E W 

Since p" has the homotopy lifting property, it is a fibration. -

It follows that the fibration p": P, ~ Y is equivalent (by means of 
s: X ~ Pf and p: P, ~ X) in the homotopy category of maps with range Y to 

the original map f: X ~ Y. In replacing f by an equivalent fibration, we 
replaced X by a space P, of the same homotopy type, whereas in Sec. 1.4, 
when f was replaced by an equivalent co fibration, the space Y was replaced 
by a space Z, of the same homotopy type. 

Two fibrations Pl: El ~ B and P2: E2 ~ B are said to be fiber homotopy 
equivalent (or to have the same fiber homotopy type) if there exist maps 
f: El ~ E2 and g: E2 ~ El preserving fibers in the sense that P2 0 f = Pl 
and Pl 0 g = fz and such that g 0 f:::::: IE, and fog ~ IE.,. Each of the 

PI p, -
maps f and g is called a fiber homotopy equivalence. The rest of this section 
is concerned with fiber homotopy equivalence. 

We begin with the following result concerning liftings of homotopic maps. 

10 THEOREM Let p: E ~ B be a fibration and let Fo, Fl : X X I ~ E be 
maps. Given homotopies H: p 0 Fo ~ P 0 Fl and G: Fo I X X ° ~ Fl I X X ° 
such that H(x,O,t) = pG(x,O,t), there is a lifting H': X X I X I ~ E of H 
which is a homotopy from Fo to Fl and is an extension of G. 

PROOF Let A = (I X 0) U (0 X l) U (I X 1) c I X I and define 
f: X X A~Eby 

f(x,t,O) = Fo(x,t) 
f(x,O,t) = G(x,O,t) 
f(x,t,l) = Fl(x,t) 

Then H I X X A = P 0 f. Because there is a homeomorphism of I X I with 
itself taking A onto I X 0, there is a homeomorphism of X X I X I with 
itself taking X X A onto X X I X 0. It follows from the homotopy lifting 
property of p that there is a lifting H': X X I X I ~ E of H such that 

H'I X X A =f -



SEC. 8 FIB RATIONS 101 

Taking Hand G to be constant homotopies, we obtain the following 
corollary. 

II COROLLARY Let p: E ---7 B be a fibration and let Fo, F1: X X I ---7 E be 
liftings of the same map such that Fo I X X 0 = Fl I X X O. Then Fo V Fl 
reI X X o. • 

Let p: E ---7 B be a fibration and let w: I ---7 B be a path in its base space. 
By the homotopy lifting property of p, there exists a map F: p-l(W(O)) X 1---7 E 
such that pF(x,t) = w(t) and F(x,O) = x for x E p-l(W(O)) and t E 1. Let 
f: p-l(w(O)) ---7 p-l(w(l)) be the map f(x) = F(x,l). It follows from theorem 10 
that if w c::-= w' are homotopic paths in B and if F, F': p-l(w(O)) X 1---7 E are 
such that pF(x,t) = w(t), pF'(x,t) = w'(t), and F(x,O) = x = F'(x,O) for 
x E p-l(W(O)) and t E I, then the maps f, f': p-l(w(O)) ---7 p-l(w(l)) defined by 
f(x) = F(x,l) and f(x) = F'(x,l) are homotopic. Hence there is a well-defined 
homotopy class [fl E [p-l(W(O));p-l(W(l))] corresponding to a path class [w] 
in B. We let h[w] = [fl. 

The following is the form theorem 2.3.7 takes for an arbitrary fibration. 

12 THEOREM Let p: E ---7 B be a fibration. There is a contravariant functor 
from the fundamental groupoid of B to the homotopy category which assigns 
to b E B the fiber over b and to a path class [w] the homotopy class h[ w]. 

PROOF If Wb is the constant path at b, let F: p-l(b) X 1---7 E be the map 
F(x,t) = x. The corresponding map f: p-l(b) ---7 p-l(b) defined by f(x) = F(x,l) 
is the identity map. Hence 

h[wb] = [lp-l(b)] 

showing that h preserves identities. 
Let wand w' be paths in B such that w(l) = w'(O). Given a map 

F: p-l(w(O)) X 1---7 E such that F(x,O) = x and pF(x,t) = w(t) for x E p-l(w(O)) 
and t E I, and given F': p-l(w(l)) X 1---7 E such that F'(x',O) = x' and 
pF'(x',t) = w'(t) for x' E p-l(w'(O)) and t E I, let f: p-l(W(O)) ---7 p-l(w'(O)) be 
defined by f(x) = F(x,l) and let F": p-l(w(O)) X 1---7 E be defined by 

,,{F(x,2t) 0 ~ t ~ 1fz, x E p-l(W(O)) 
F (x,t) = F'(f(x), 2t _ 1) 1f2 S t S 1, x E p-l(W(O)) 

Then pF"(x,t) = (w * w')(t) and F"(x,O) = x for x E p-l(w(O)) and t E 1. Let 
f: p-l(w'(O)) ---7 p-l(w'(l)) be defined by f(x') = F'(x',I). Then F"(x,l) = f(f(x)) 
for x E p-l(W(O)), which shows that 

h[w * w'] = h[w'] * h[w] 

Therefore h is a contravariant functor. • 

This yields the following analogue of corollary 2.3.8 for an arbitrary 
fibration. 

13 COROLLARY If p: E ---7 B is a fibration with a path-connected base space, 
any two fibers have the same homotopy type. • 
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The following result asserts that homotopic maps induce fiber-homotopy­
equivalent fibrations. 

14 THEOREM Let p: E ~ B be a fibration and let fo, h: X ~ B be homo­
topic. The fibrations induced from p by fo and by f1 are fiber homotopy 
equivalent. 

PROOF Let po: Eo ~ X and P1: E1 ~ X be the fibrations induced from p by 
fo and h, respectively, and let fo: Eo ~ E and Ii: E1 ~ E be the correspond­
ing maps such that p 0 fo = fo 0 po and p 0 Ii = h 0 Pl. Given a homotopy 
F: X X I ~ B from fo to h, there are maps Fo: Eo X I ~ E and 
Fl.: E1 X I ~ E such that p 0 Fo = F 0 (po X II) and p 0 F1 = F 0 (P1 X II) 
and Fo I Eo X 0 = fO and F11 E1 X 1 = Ii· Let go: Eo ~ E1 and g1: E1 ~ Eo 
be the fiber preserving maps defined by the property F~ (x,I) = J; go(x) for x E 

Eo and F ~ (y,O) = f~gl(Y) for y E E1• Then 

p 0 Fo 0 (gl X II) = F 0 (po X II) 0 (g1 X II) = F 0 (P1 X II) 

and 

It follows from theorem 10 that Fl ':::: Fo 0 (gl X II). In a similar fashion 
P 

Fo ':::: F1 0 (go X II). This implies that gOg1 ':::: lEI and glg0 ~ lEo. • 
P PI Po 

Clearly, a constant map induces a trivial fibration, and we have the 
following result. 

15 COROLLARY If p: E ~ B is a fibration and B is contractible, then p is 
fiber homotopy equivalent to the trivial fibration B X p-1(bo) ~ B for any 

bo E B. • 

Let B be a space which is the join of some space Y with So. Then 
B = C_ Y U C+ Y, where C_ Y and C+ Yare cones over Yand C_ Y n C+ Y = Y. 
Let yo E Y and let p: E ~ B be a fibration with fiber Fo = p-1(yO). It follows 
from corollary 15 that there are fiber homotopy equivalences f-: C_ Y X Fo ~ 
p-1(C_ Y) and g+: p-1(C+y) ~ C+Y X Fo. A clutching function fl: Y X Fo ~ Fo 
for p is a function fl defined by the equation 

y E Y, Z E Fo 

wheref_: C_Y X Fo ~ p-1(C_Y) and g+: p-1(C+y) ~ C+Y X Fo are fiber 
homotopy equivalences. If C_ Y and C+ Yare contractible to yo relative to Yo, 
it follows from theorem 10 that f- and g+ can be chosen so that z ~ f-(yo,z) 
is homotopic to the map Fo C p-1(C_ Y) and z ~ g+(z) is homotopic to the 
map z ~ (Yo,z) of Fo to C+ Y X Fo. In this case the clutching function fl cor­
responding to f- and g+ has the property that the map z ~ fl(Yo,Z) is homo­
topic to the identity map Fo C Fo. 

Let EqJ be the fiber bundle over Sn defined by a characteristic map cp: 
Sn-1 ~ G, as in example 2.7.5 (where G is a group of homeomorphisms of the 
fiber F). Then E":. = C_Sn-1 and E'f- = c+sn-l, and it is easy to verify that 
f- and g+ can be chosen so that the corresponding clutching function 
fl: Sn-1 X F ~ F is the map fl(x,z) = cp(x)z. 
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EXERCISES 

A LOCAL CONNECTEDNESS 

I Prove that a space X is locally path connected if and only if for any neighborhood 
U of x in X there exists a neighborhood V of x such that every pair of points in V can be 
jOined by a path in U. 

2 If X is a space, let X denote the set X retopologized by the topology generated by 
path components of open sets of X. Prove that X is locally path connected and that the 
identity map of X is a continuous function i: X ~ X having the property that for any 
locally path-connected space Y a function f: Y ~ X is continuous if and only if 
i 0 f: Y ~ X is continuous. 

3 For any space X let X and i: X ~ X be as in exercise 2. Prove that i#: 7T(X,XO) :::::; 7T(X,Xo). 

B COVERING SPACES 

I Let X be the union of two closed simply connected and locally path-connected sub­
sets A and B such that A n B consists of a single point. Prove that if p: X ~ X is a non­
empty path-connected fibration with unique path lifting, then p is a homeomOIphism. 

2 Let X = {(x,y) E R2[ x or y an integer} and let 

X = SI V SI = {(Zlh) E Sl X Sl [ ZI = 1 or Z2 = I} 

Prove that the map p: X ~ X such that p(x,y) = (e 2'7TiX,e 2'7Tiv) is a covering projection. 

3 With p: X ~ X as in exercise 2 above, let Y C X be defined by 

Y = {(x,y) EX [0 :s:; x :s:; 1,0 :s:; Y :s:; I} 

Prove that Y is a retract of X and that (p [ Y)# maps a generator of 7T(Y) to the commu­
tator of the two elements of 7T(X) corresponding to the two circles of X. 

4 Prove that 7T(Sl v SI) is nonabelian. 

C THE COVERING SPACE ex: R ~ 51 
I For an arbitrary space X prove that a map f: X ~ S1 can be lifted to a map 
f X ~ R such that f = ex 0 f if and only if f is null homotopic. 

2 Let X be a connected locally path-connected space with base point Xo E X. Prove 
that the map 

[X,xo; S1,l] ~ Hom (7T(X,XO), 7T(S1,l)) 

which assigns to [fl the homomorphism 

f#: 7T(X,XO) ~ 7T(S1,l) 

is a monomorphism (the set of homotopy classes being a group by virtue of the group 
structure on SI). 

3 Prove that any two maps from a simply connected locally path-connected space to SI 
are homotopic. 

4 Prove that any map of the real projective space pn for n ;::: 2 to Sl is null homotopic. 
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5 Prove that there is no map f: Sn -> Sl for n :::: 2 such that f( - x) = - f(x). 

6 Borsuk-Ulam theorem. Prove that if f: S2 -> R2 is a map such that f( -x) = -f(x), 
then there exists a point Xo E S2 such that f(xo) = O. 

D COVERING SPACES OF TOPOLOGICAL GROUPS 

I Let H be a subgroup of a topological group and let G/H be the homogeneous space 
of right cosets. Prove that the projection G -> G/ H is a covering projection if and only 
if H is discrete. 

2 Prove that a connected locally path-connected covering space of a topological group 
can be given a group structure that makes it a topological group and makes the projec­
tion map a homomorphism. 

A local homomorphism cp from one topological group G to another G' is a contin­
uous map from some neighborhood U of e in G to G' such that if gl, gz, glg2 E U, 
then CP(glg2) = CP(gl)cp(gZ). A local isomorphism from G to G' is a homeomorphism cp from 
some neighborhood U of e to some neighborhood U' of e' such that cp and cp-I are both 
local homomorphisms (in which case G and G' are said to be locally isomorphic). 

3 Prove that a continuous homomorphism cp: G -> G' between connected topological 
groups is a covering projection if and only if there exists a neighborhood U of e in G 
such that cp I U is a local isomorphism from G to G'. 

4 Let cp be a local homomorphism from a connected topological group G to a topological 
group G' defined on a connected neighborhood U of e in G. Let G be the subgroup 
of G X G' generated by the graph of cp (that is, generated by {(g,g') E G X G' I g' = cp(g), 
g E U}). G is topologized by taking as a base for neighborhoods of (e,e') the graph of 
cp I N as N varies over neighborhoods of e in U. Prove that G is a connected topological 
group, the projection PI: G -> G is a covering projection, and the projection P2: G -> G' 
is continuous. 

5 Prove that two connected locally path-connected topological groups are locally iso­
morphic if and only if there is a topological group which is a covering space of each of 
them. 

6 If G is a simply connected locally path-connected topological group and cp is a local 
homomorphism from G to a topological group G', prove that there is a continuous homo­
morphism cp': G -> G' which agrees with cp on some neighborhood of e in G. 

E FIB RATIONS 

I If p: E -> B is a fibration, prove that p(E) is a union of path components of B. 

2 If a fibration has path-connected base and some fiber is path connected, prove that 
its total space is also path connected. 
3 Let p: E -> B be a fibration and let X be a locally compact Hausdorff space. Define 
p': EX -> EX by p'(g) = P 0 g for g: X -> E. Prove that p' is a fibration. 

4 Let p: E -> B be a fibration and let bo E p(E), F = p-1(bo). Let X be a space 
regarded as a subset of some cone CX. Prove that the map 

P#: [CX,X; E,F] -> [CX,X; B,bol 

is a bijection. 

5 Let p: E -> B be a fibration and let eo E E, bo = p(eo), and F = p-I(bo). If B is 
simply connected, prove that 7T(F,eo) -> 7T(E,eo) is an epimorphism. 



EXERCISES 105 

6 Let p: E -7 B be a fibration and let eo E E and bo = p(eo). If p-l(bo) is simply con­
nected, prove that 

p#: 7T(E,eo) ::::; 7T(B,bo) 

7 Let p: E -7 B be a fibration and bo E p(E). If E is simply connected, prove that 
there is a bijection between 7T(B,bo) and the set of path components of p-l(bo). 



CHAPTER THREE 

POLYHEDRA 



IN CHAPTER TWO THE FUNDAMENTAL GROUP FUNCTOR WAS USED TO CLASSIFY 

covering spaces. We now consider the problem of computing the fundamental 
group of a specific space. We shall show that the fundamental groups of many 
spaces (the class of polyhedra) can be described by means of generators and 
relations. 

A polyhedron is a topological space which admits a triangulation by a 
simplicial complex. Thus we start with a study of the category of simplicial 
complexes. A simplicial complex consists of an abstract scheme of vertices and 
simplexes (each simplex being a finite set of vertices). Associated to such a 
simplicial complex is a topological space built by piecing together convex cells 
with identifications prescribed by the abstract scheme. Since the topological 
properties of these spaces are determined by the abstract scheme, the study 
of simplicial complexes and polyhedra is often called combinatorial topology. 

A compact polyhedron admits a triangulation by a finite simplicial com­
plex. Thus these spaces are effectively described in finite terms and serve as a 
useful class of spaces for questions involving computability of functors. 

Sections 3.1 and 3.2 are devoted to definitions and elementary topological 
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properties of polyhedra. Section 3.3 introduces the concept of subdivision of 
a simplicial complex, and it is shown that a compact polyhedron admits arbi­
trarily fine triangulations. This result is used in Sec. 3.4 to prove the simplicial­
approximation theorem, which asserts that continuous maps from compact 
polyhedra to arbitrary polyhedra can be approximated by simplicial maps. 

The technique of simplicial approximation is used in Sec. 3.5 to prove 
that the set of homotopy classes of continuous maps from a compact polyhedron 
to an arbitrary polyhedron can be described abstractly in terms of triangula­
tions of the polyhedra. In Sec. 3.6 this result provides an abstract description 
of the fundamental group of a polyhedron as the edge-path group of a trian­
gulation, which is used in Sec. 3.7 to obtain a system of generators and rela­
tions for the fundamental group of a polyhedron. It is also shown in Sec. 3.7 
that the fundamental group functor provides a faithful representation of the 
homotopy category of connected one-dimensional polyhedra. Section 3.8 con­
sists of applications of the results on the fundamental group, some examples 
of polyhedra, and a description of the fundamental group of an arbitrary 
surface. 

I SIMPLICIAL COMPLEXES 

This section contains definitions of the category of simplicial complexes and 
of covariant functors from this category to the category of topological 
spaces. 

A simplicial complex K consists of a set {v} of vertices and a set {s} of 
finite nonempty subsets of {v} called simplexes such that 

(a) Any set consisting of exactly one vertex is a Simplex. 
(b) Any nonempty subset of a simplex is a simplex. 

A simplex s containing exactly q + 1 vertices is called a q-simplex. We 
also say that the dimension of s is q and write dim s = q. If s' C s, then s' is 
called a face of s (a proper face if s' =1= s), and if s' is a p-simplex, it is called 
a p-face of s. If s is a q-simplex, then s is the only q-face of s, and a face s' 
of s is a proper face if and only if dim s' < q. It is clear that any simplex has 
only a finite number of faces. Because any face of a face of s is itself a face 
of s, the simplexes of K are partially ordered by the face relation (written 
s' ~ s if s' is a face of s). 

It follows from condition (a) that the O-simplexes of K correspond bijec­
tively to the vertices of K. It follows from condition (b) that any simplex is 
determined by its O-faces. Therefore K can be regarded as equal to the set of 
its simplexes, and we shall identify a vertex of K with the O-simplex corre­
sponding to it. 
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We list some examples. 

I The empty set of simplexes is a simplicial complex denoted by 0. 

2 For any set A the set of all finite nonempty subsets of A is a simplicial 
complex. 

3 If s is a simplex of a simplicial complex K, the set of all faces of s is a 
simplicial complex denoted by s. 
4 If s is a simplex of a simplicial complex K, the set of all proper faces of s 
is a simplicial complex denoted by s. 
it If K is a simplicial complex, its q-dimensional skeleton Kq is defined to 
be the simplicial complex consisting of all p-simplexes of K for p :::; q. 

6 Given a set X and a collection GlJf = {W} of subsets of X, the nerve of GlJf, 
denoted by K(01J)), is the simplicial complex whose simplexes are finite non­
empty subsets of GlJ\ with nonempty intersection. Thus the vertices of K(GlJf) 
are the non empty elements of GlJ\. 

7 If K1 and K2 are simplicial complexes, their join K1 * K2 is the simplicial 
complex defined by 

K1 * K2 = K1 V K2 U {Sl v s21 Sl E K1, S2 E K2} 

Thus the set of vertices of K1 * Kz is the set sum of the set of vertices of K1 
and the set of vertices of K2 • 

8 There is a simplicial complex whose set of vertices is Z and whose set of 
simplexes is 

{{ n} 1 n E Z} U {{ n, n + I} 1 n E Z} 

9 For n 2:: 1 regard Zn as partially ordered by the ordering of its coordi­
nates (that is, given x, x' E Zn, then x :::; x' if for the ith coordinates 
Xi :::; Xi in Z). There is a simplicial complex whose set of vertices is Zn and 
whose simplexes are finite nonempty totally ordered subsets {XO, ... ,xq } 

of Zn (that is, XO :::; Xl :::; ••• :::; xq) such that for all 1 :::; i ~ n, Xiq - Xio = 0 
or 1. 

If K is a simplicial complex, its dimension, denoted by dim K, is defined 
to equal -1 if K is empty, to equal n if K contains an n-simplex but no (n + 1)­
simplex, and to equal 00 if K contains n-simplexes for all n 2:: o. Thus 
dim K = sup {dim sis E K}. K is said to be finite if it contains only a finite 
number of simplexes. If K is finite, then dim K < 00; however, if dim K < 00, 

K need not be finite (example 8 is an infinite simplicial complex whose 
dimension is 1). 

A simplicial map <p: K1 ~ K2 is a function <p from the vertices of K1 to 
the vertices of K2 such that for any simplex s E K1 its image <p(s) is a simplex 
of K2. For any K there is an identity simplicial map lK: K ~ K corresponding 
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to the identity vertex map. Given simplicial maps K1 ~ K2 -'4 K3, the com­
posite simplicial map lj; 0 qJ: K1 ---? K3 corresponds to the composite vertex map. 
Therefore there is a category of simplicial complexes and simplicial maps. 

A subcomplex L of a simplicial complex K, denoted by L C K, is a sub­
set of K (that is, s E L => s E K) that is a simplicial complex. It is clear that 
a subset L of K is a subcomplex if and only if any simplex in K that is a face 
of a simplex of L is a simplex of L. If L C K, there is a simplicial inclusion 
map i: L C K. 

A subcomplex L C K is said to be full if each simplex of K having all its 
vertices in L itself belongs to L. There is a subcomplex N of K consisting of 
all simplexes of K with no vertex in L. Clearly, N is the largest subcomplex 
of K disjoint from L. If s ::;: {VO,V1' ... ,Vq} is any simplex of K, then either 
no vertex of s is in L (in which case sEN), or every vertex belongs to L (in 
which case, if L is full, s E L), or the vertices can be enumerated so that 
Vi E L if i ::;; P and Vi Et L if i > p, where 0 ::;; p < q. In the latter case, 
s ::;: s' Us", where s' = {vo, ... ,vp} is in L, if L is full, and s" = {Vp+1' ... ,Vq} 
is in N. Therefore we have the following result. 

10 LEMMA If L is a full subcomplex of K and N is the largest subcomplex 
of K dis;oint from L, any simplex of K is either in N, or in L, or of the form 
s' U s" for some s' ELand s" E N. • 

There is a category of simplicial pairs (K,L) (that is, K is a simplicial 
complex and L is a subcomplex, possibly empty) and simplicial maps qJ: 
(Kl,L1) ---? (K2,L2) (that is, qJ is a simplicial map K1 ---? K2 such that qJ(L1) C L2). 
The category of simplicial complexes is a full subcategory of the category of 
simplicial pairs. There is also a category of pointed simplicial complexes K 
(that is, K is a simplicial complex together with a distinguished base vertex) 
and simplicial maps preserving base vertices which is a full subcategory of the 
category of simplicial pairs. Following are some examples. 

II For any q the q-dimensional skeleton Kq is a subcomplex of K, and if 
p ::;; q, Kp is a subcomplex of Kq. 

12 For any s E K there are subcomplexes s esc K. 

13 If {Lj}jEJ is a family of subcomplexes of K, then nLj and U L j are also 
subcomplexes of K. 

14 Given that A C X, "2lS = {W} is a collection of subsets of X, and KA("2lS) 
is the collection of finite nonempty subsets of "ill whose intersection meets A 
in a non empty subset, then KA ("2ll') is a subcomplex of the nerve K('1lJ'). 

We now define a covariant functor from the category of simplicial com­
plexes and simplicial maps to the category of topological spaces and continuous 
maps. Given a nonempty simplicial complex K, let IKI be the set of all func­
tions a from the set of vertices of K to I such that 

(a) For any a, {v E K I a(v) -=1= O} is a simplex of K (in particular, a(v) -=1= 0 



SEC. 1 SIMPLICIAL COMPLEXES 

for only a finite set of vertices). 
(b) For any a, ~VEKO'(v) = l. 

If K = 0, we define IKI = 0. 
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The real number O'(v) is called the vth barycentric coordinate of O'. There 
is a metric d on IKI defined by 

d(O',f3) = V~VEK [O'(v) - f3(v)J2 

and the topology on IKI defined by this metric is called the metric topology. 
The set IKI with the metric topology is denoted by IKld. 

We shall define another topology on IKI. For s E K the closed simplex lsi 
is defined by 

lsi = {a E IKII O'(v) =1= 0 => v E s} 

If s is a q-simplex, lsi is in one-to-one correspondence with the set 
{x E Rq+1 I 0 ~ Xi ~ 1, ~ Xi = I}. Furthermore, the metric topology on IKld 
induces on lsi a topology that makes it a topological space Isld homeomorphic 
to the above compact convex subset of Rq+1. If Sl, S2 E K, then clearly 
Sl n S2 is either empty (in which case IS11 n IS21 = 0) or a face of Sl and of 
S2 (in which case IS1 n s21 = IS11 n IS21). Therefore, in either case IS11d n IS21d 
is a closed set in hid and in IS2Id, and the topology induced on this intersec­
tion from IS11d equals the topology induced on it from IS2\d. It follows from 
theorem 2.5 in the Introduction that there is a topology on IKI coherent with 
{Isld I s E K}. This topology will be called the coherent topology. The space 
of K, also denoted by IKI, is the set IKI with the coherent topology. (What we 
call here the coherent topology is known in the literature as the weak topology.) 
Note that lsi = Isld; we shall also use lsi to denote the space lsi. 

Because a subset A C IKI is closed (or open) in the coherent topology if 
and only if A n lsi is closed (or open) in lsi for every s E K, we have the fol­
lowing theorem and its corollary. 

15 THEOREM A function f: IKI ----> X, where X is a topological space, is con­
tinuous in the coherent topology if and only if f Ilsl: lsi ----> X is continuous 
for every s E K. • 

16 COROLLARY A function f: IKI ----> X is continuous in the coherent topol­
ogy if and only if f I IKql: IKql ----> X is continuous for every q ~ o. • 

It follows from theorem 15 that the identity map of the set IKI is a con­
tinuous map IKI ----> IK\d. Note that L C K => ILl C IKI and ILld is a closed 
subset of IKld (which implies that ILl is a closed subset of IKI). Furthermore, 
if {Li}i EJ is a collection of subcomplexes of K, then U ILil = I U Lil and 
n ILil = In Lil. 

The coherent topology has the following property. 

17 THEOREM For any simplicial complex K, its space IKI is a normal 
Hausdorff space. 
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PROOF Because IKld is a Hausdorff space and i: IKI ~ IKld is continuous, 
IKI is a Hausdorff space. To prove that IKI is normal it suffices to show that 
if A is a closed subset of IKI, any continuous map f: A ~ I can be continu­
ously extended over IKI. By theorem 15, the existence of such an extension of 
f is equivalent to the existence of an indexed family of continuous maps 
{fs: lsi ~ I Is E K} such that 

(a) If s' is a face of s, then fs Ils'l = fs' 
(b) fs I (A nisi) = fl (A nisi) 
The existence of the family {fs} is proved by induction on dim s. If s is 

a O-simplex, lsi is a single point, and either lsi E A, in which case we define 
fs = f I lsi, or lsi ¢ A, in which case we define fs arbitrarily. 

Let q > 0 and assume fs defined for all simplexes s with dim s < q to 
satisfy conditions (a) and (b). Given a q-simplex s, define J:: lsi U (A n lsI) ~ I 
by the conditions 

fs Ils'l = fs' s' a face of s 
f; I (A nisI) = f I (A nisi) 

Because {fs' }dim S'5,q satisfies conditions (a) and (b), f; is a continuous map of 
the closed subset lsi U (A n lsi) of lsi to I. By the Tietze extension theorem, 
there exists a continuous extension fs: lsi ~ I of f;. • 

The same technique can be used to prove that IKI is perfectly normal 
(that is, every closed subset of IKI is the set of zeros of some continuous real­
valued function on I KI) and paracompact. 

For s E K the open simplex (s) C IKI is defined by 

(s) = {a E IKII a(v) =j= 0 <=> v E s} 

Although a closed simplex is a closed set in IKI, an open simplex need not be 
open in IKI. However, the open simplex (s) is an open subset of lsi because 
(s) = lsi - lsi. Every point a E IKI belongs to a unique open simplex (namely, 
the open simplex (s), where s = {v E K I a(v) =j= O}). Therefore the open 
simplexes constitute a partition of IKI. 

If A is a nonempty subset of IKI that is contained in some closed simplex 
lsi, there is a unique smallest simplex s E K such that A C lsi. This smallest 
simplex is called the carrier of A in K. If A C (s), then the carrier of A is 
necessarily s. In particular any point a of IKI has as carrier the simplex s such 
that a E (s). 

18 LEMMA Let A C IKI; then A contains a discrete subset (in the coherent 
topology) that consists of exactly one point from each open simplex meeting A. 

PROOF For each s E K such that A n (s) =j= 0 let as E A n (s) and let 
A' = {as}. Because any closed simplex can contain at most a finite subset of 
A', it follows that every subset of A' is closed in the coherent topology and A' 
is discrete. • 
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Because a compact subset of any topological space can contain no infinite 
discrete set, we have the following result. 

19 COROLLARY Every compact subset of IKI is contained in the union of a 
finite number of open simplexes. -

A finite simplicial complex has a compact space. The converse follows 
from corollary 19. 

20 COROLLARY A simplicial complex K is finite if and only if IKI is 
compact. -

We establish the folloWing analogue of theorem 15 for homotopies. 

21 THEOREM A function F: IKI X I ~ X is continuous if and only if 
F I (lsi X 1): lsi X I ~ X is continuous for every s E K. 

PROOF Because IKI has the topology coherent with the collection of its closed 
simplexes, and each closed simplex is a closed compact subset of IKI, it follows 
that IKI is compactly generated. By theorem 2.7 in the Introduction, IKI X I 
is also compactly generated. It follows from corollary 19 that every compact 
subset of IKI X I is contained in ILl X I for some finite subcomplex L C K. 
Therefore IKI X I has the topology coherent with the collection {ILl X I I 
L C K, L finite}. It is clear that this topology is identical with the topology 
coherent with {lsi X I I s E K} (because if L is finite, ILl X I has the topology 
coherent with {lsi X I I s E L}). • 

If IP: Kl ~ K2 is a simplicial map, then there is a continuous map 
lIPid: IKlid ~ IK21d defined by 

IIPld(a)(v' ) = ~q>(V)=v' a(v) v' E K2 

The same formula defines a continuous map IIPI: IKII ~ IK21, and there is a 
commutative square 

IKII ~ IKlid 

1'Pll 11'Pld 

IK21 ~ IK21d 

An easy verification shows that II and lid are covariant functors from the 
category of simplicial complexes to the category of topological spaces, and 
IKI ~ IKld is a natural transformation between them. These functors can also 
be regarded as defined on the category of simplicial pairs to the category of 
pairs of topological spaces. 

A triangulation (K,f) of a topolOgical space X consists of a simplicial 
complex K and a homeomorphism f: IKI ~ X. If X has a triangulation, X is 
called a polyhedron. Similarly a triangulation ((K,L), f) of a pair (X,A) con­
sists of a simplicial pair (K,L) and a homeomorphism f: (IKI, ILl) ~ (X,A). If 



114 POLYHEDRA CHAP. 3 

(X,A) has a triangulation, (X,A) is called a polyhedral pair. In general, a given 
polyhedron will have triangulations (K1,h) and (K z,/2), for which Kl and Kz 
are not isomorphic simplicial complexes. 

Following are some examples. 

22 For any n ~ 1, (En+l,Sn)is homeomorphic to (lsi, lsi), where s is an (n + 1)­
simplex. Therefore (En+l,Sn) is a polyhedral pair. 

23 Given that K is the simplicial complex of example 8 and f: IKI ---7 R is 
defined so that f(1 {n} I) = nand f II {n, n + I} I is a homeomorphism of 
I {n, n + I} I onto the closed interval [n, n + 1], then (K,f) is a triangulation 
of R, and R is a polyhedron. 

24 For n ~ 1, given that K is the Simplicial complex of example 9 and 
f: IKI ---7 Rn is defined by the equation (f(a))i = ~XEZn a(x)(x)i, then (K,f) is 
a triangulation of Rn, and Rn is a polyhedron. 

Given a vertex v E K, its star is defined by 

st v = {a E [KII a(v) 7"= O} 

Because a ---7 a(v) is a continuous map from IKld to I, st v is open in IKld, and 
hence also in IKI. It is immediate from the definition that 

a E st v ~ carrier a has v as vertex 
~ a E < s) where s has v as vertex 

Therefore st v = U {<s) I v is vertex of s}. 

25 LEMMA Let L C K and let Vo, Vl, ... , Vq be vertices of K. Then 
vo, Vb . . . ,Vq are vertices of a simplex of L if and only if 

nO"i.,:q st Vi n ILl 7"= 0 

PROOF If there is a simplex s E L with vertices vo, ... ,vq, then <s) C st Vi 
for every i, and <s) C ILl. Therefore n st Vi n ILl 7"= 0. Conversely, if 
n st Vi n ILl 7"= 0, let a E n st Vi n ILl. Then a(vi) 7"= 0 for 0 <:;; i <:;; q, and 
carrier a is a simplex s of L whose vertices include Vo, ... ,Vq. Then the set 
{vo, ... ,Vq} is a face of s and must belong to L, because L is a complex. -

This yields the following relation between K and the open covering of IKI 
of vertex stars. 

26 THEOREM Let 01 = {st v I v E K}. The vertex map cp from K to K(0l) de­
fined by cp(v) = st v is a simplicial isomorphism cp: K ::::; K(01), and for any 
L C K, cp I L: L::::; KILI(01). -

2 UNEARITV IN SIMPUCIAL CO;\IPI.EXES 

The linear structure in the set of all functions from any set to R defines lin­
earity in the space of a simplicial complex. This section is devoted to a study 
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of such linearity. We show that a closed simplex lsi is homeomorphic to the 
cone with base lsi. This implies that a closed simplex can be parametrized by 
"polar coordinates," which are convenient for the construction of maps. We 
use them to prove that a polyhedral pair has the homotopy extension property 
with respect to any space. 

We also consider linear imbeddings in euclidean space of the space of a 
simplicial complex; this entails a discussion of locally finite simplicial com­
plexes. Such complexes are characterized by the property that their spaces 
are locally compact or the equivalent property that the coherent and metric 
topologies coincide on their spaces. 

Let K be a simplicial complex and let aI, ... , a p be points of a closed 
simplex lsi. Given real numbers t l , ... , tp such that 0 S ti S 1 for 
i = 1, ... , p and such that L:ti = 1, the function a = L:tiai is again a 
point of lsi. Therefore each closed simplex has a linear structure such that 
convex combinations of its points are again points of the closed simplex. 
Conversely, if a = L:tiili has a simplex s as carrier (so that a E (s»), then 
each ai E lsi. Therefore we have the following lemma. 

I LEMMA A convex combination of points of IKI is again a point of IKI 
if and only if the points all lie in some closed simplex. • 

We shall find it convenient to identify the vertices of K with their char­
acteristic functions. That is, if v is a vertex of K, we regard v as also being 
the function from vertices v' E K defined by 

v(v') = {~ v 7'= v' 
v = v' 

If a E IKI, then we can write a = L:vEK a(v)v, the sum on the right being a 
convex combination of points of IKI. 

Let X be a topological space which is a subset of some real vector space. 
We assume that X has a topology coherent with its intersections with finite­
dimensional subspaces each such intersection being topologized as a sub­
space of the finite-dimensional topological linear space in which it lies. For 
example, X is euclidean space or X is the space of a simplicial complex. 
A continuous map f: IKI --> X is said to be linear on K if it is linear in terms of 
barycentric coordinates. That is, f is linear if for every a E IKI, L: v E K a( v)f( v) 
is a point of X and 

f(a) = L:vEK a(v)f(v) 

It is then clear that a linear map is uniquely determined by the vertex map fa 
from vertices of K to X such that fo(v) = f(v). Conversely, a vertex map fa 
from vertices of K to X may be extended to a linear map f: IKI --> X if and 
only if for every simplex s E K all convex combinations of elements in fo(s) 
lie in X. 
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If cp: Kl ~ K2 is a simplicial map, then the definition of Icpl shows that 

Icpl(a) = L a(v)lcpl(v) 

Therefore Icpl is linear. 
Let X be a topological space. The cone X * w with base X and vertex w 

is defined to be the mapping cylinder of the constant map X ~ w. The points 
of X * ware parametrized by [x,t] with x E X and tEl, where x E X is 
identified with [x,O] and [x,l] is identified with w for all x E X. Because w is 
a strong deformation retract of X * w, a cone is contractible. 

2 LEMMA For any simplex s of K the cone lsi * w is homeomorphic to lsi. 
PROOF Choose a point Wo E (s) and define a map f: lsi * w ~ lsi by 
f([a,t)) = two + (1 - t)a. Then f is continuous (because the linear opera­
tions in lsi are continuous). To show that f is injective, assume f([a,t]) = 
f([,8,t']) for a, ,8 E lsi and t, t' E 1. Then 

two + (1 - t)a = t'wo + (1 - t'),8 

Let s have vertices vo, Vl, ... , Vq and suppose that C': = Laivi, [3 = L,8iVi, 
and Wo = L YiVi. Because a, [3 E lsi, there is i such that aj = 0 and there is k 
such that ,8k = O. Then 

and (t - t')yj = (1 - t')[3j 

Because Yj =1= 0, t ;::0: t'. Similarly, tyk + (1 - t)ak = t'Yk and so t' ;::0: t. There­
fore t = t'. It follows then that (1 - t) a = (1 - t),8, and if t =1= 1, a = [3. 
Therefore either t = t' and a = ,8 or t = t' = 1. In either case [a,t] = [,8,t'], 
and f is injective. 

We now show that f is surjective. Clearly, f([a,O)) = a and f([ a,l)) = 
wo, and so f maps onto lsi and woo To show that every point of (s) - Wo is 
on a unique line segment from Wo to some point of lsi, let a E (s), with 
a =1= wo, and suppose that a = Laivi. Consider the function cp(t') = 
(1 + t')a - t' woo cp(O) = a E (s), and as t' increases, the barycentric coordinates 
of cp(t') change continuously. Because a ,e. wo, there is some i such that ai < ri. 
Therefore 

cp(t')(Vi) = ai - t'(Yi - ai) 

is a monotonically decreasing function of t'. By continuity, there exists a 
unique t' > 0 such that cp(t')(Vi) = O. Hence there exists a to > 0 which is 
the smallest t' for which cp(tO)(Vi) = 0 for any 0 ::::: i ::::: q. Then cp(to) E lsi and 

to 1 ( ') 
a = 1 + to Wo + 1 + to cp to 

shows that a = f([cp(to), t'0/(1 + t6)]), andfis surjective. 
Because f is a continuous bijection from a compact space to a Hausdorff 

space, it is a homeomorphism. • 



SEC. 2 LINEARITY IN SIMPLICIAL COMPLEXES 117 

The barycenter b(s) of the simplex s = {VO,Vl' 
the point 

,Vq} is defined to be 

b(s) = ~O<i<Q _1_ Vi 
- - q + 1 

Clearly, b(s) E <s), and so the carrier of b(s) is s. By lemma 2, lsi is homeo­
morphic to lsi * w in such a way that w corresponds to b(s). If a E lsi and 
tEl, the point tb(s) + (1 - t)a of lsi will be parametrized by polar co­
ordinates [a,t], where [a,t] denotes the point of lsi * w corresponding to the 
given point of lsi. Then [a,O] = a and [a,I] = b(s) for all a E lsi. We use 
polar coordinates for the following homotopy. 

3 LEMMA For any simplex s, lsi X 0 U lsi X I is a strong deformation re­
tract of lsi X 1. 

PROOF If s is a O-simplex, lsi = 0 and we know the point lsi X 0 is a strong 
deformation retract of the closed interval lsi X I. If dim s > 0, we define a 
deformation retraction 

F: lsi X I X I --7 lsi X I 

to lsi X 0 U lsi X I by the formula in polar coordinates 

F([a,t], t', t") = 
([ a, (1 - t")t + t"~~ -t' t') J (1 - t")t') 

([a, (1 - t")t], (1 - t")t' + t"(: ~ t2t)) 

and diagram it for the cases of a I-simplex and a 2-simplex: 

oE------j---------- lsi 

" --
I 

t' < 2t 

2t ~ t' 

• 
4 COROLLARY For any subcomplex L C K the subspace IKI X 0 U ILl X I 
is a strong deformation retract of IKI X 1. 

PROOF Let Xn = IKI X 0 U IKn U LI X I for n Z -1. We first show that 
for each n Z 0 the space Xn-l is a strong deformation retract of Xn. For each 
n-simplex s E K - L let Fs: lsi X I X I --7 lsi X I be a strong deformation 
retraction of lsi X I to lsi X 0 U lsi X I (which exists, by lemma 3). For 
n Z 0 define a map 
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by the conditions 

Fn Iisl X I X I = Fs 
Fn(x,t) = x 

for an n-simplex s E K - L 
x E Xn-l, tEl 

Then Fn is well-defined and continuous (because for every simplex s the 
restriction Fn Iisl X I X I is continuous), and Fn is a strong deformation 
retraction of Xn to Xn-l. 

Let fn: Xn ---? Xn-l be the retraction defined by fn(x) = Fn(x,l) for 
x E Xn. Let an = lin for n :::: 1, and define Gn: Xn X I ---? Xn by induction 
on n so that 

Go(x,t) = 1 ~o(x, t - a2 ) 
1 - a2 

and for n :::: 1 

x 

o s:: t s:: a2 

a2 s:: t s:: 1 

By induction on n, it is easily verified that Gn is a strong deformation retrac­
tion of Xn to X-l such that Gn I Xn-l X I = Gn- 1 . Therefore there is a map 

G: IKI X I X I ---? IKI X I 

such that G I Xn X I = Gn. Then G is a strong deformation retraction of 
IKI X I to IKI X 0 U ILl X I. • 

5 COROLLARY A polyhedral pair has the homotopy extension property 
with respect to any space. 

PROOF It suffices to show that if L C K, then (IKI, ILl) has the homotopy 
extension property with respect to any space Y. Given g: IKI ---? Y and 
G: ILl X I ---? Y such that G(a,O) = g(a) for a E ILl, let f: IKI X 0 U ILl X I ---? Y 
be defined by f(a,O) = g(a) for a E IKI and f(a,t) = G(a,t) for a E ILl and 
t E 1. Because ILl is closed in IKI, fis continuous. By corollary 4, IKI X 0 U 
ILl X I is a retract of IKI X I. Therefore f can be extended to a continuous 
map F: IKI X I ---? Y. Then F(a,O) = g(a) for a E IKI and F IILI X 1= G. • 

Let us now consider linear imbeddings of IKI in euclidean space. 

6 LEMMA A linear map f: lsi ---? Rn is an imbedding if and only if it maps 
the vertex set of s to an affinely independent set in Rn. 

PROOF Let f(Vi) = pi, where s = {v;}. We show that the set {p;} is affinely 
dependent if and only if f is not injective. {p;} is affinely dependent if and 
only if there exist ai not all zero such that '2:.aiPi = 0 and '2:.ai = O. Assume 
the points Pi enumerated so that ai :::: 0 for i s:: io and ai < 0 for i > io. 
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Then Li<;io aipi = Li>io ( - ai)pi' If a = Li<;io ai = Li>io - ai, then 
Li<;jo(ai/a)Pi = Li>io( -ai/a)pi. It follows from the linearity of f that 
f(Li<;io(ai/a)vi) = f(Li>io( - ai/ a)vi), showing that f is not injective. 

Conversely, if f is not injective, then f(Laivi) = f(LfJivi), where ajo =1= fJjo 

for some io. Then L(ai - fJi)Pi = 0 and L(ai - fJi) = O. Because aio - fJjo =1= 0, 
the set {p;} is affinely dependent. • 

A simplicial complex K is said to be locally finite if every vertex v of K 
belongs to only finitely many simplexes of K. 

7 LEMMA If K is locally finite, every point of IKld has a neighborhood of 
the form ILld, where L is a finite subcomplex of K. 

PROOF Let a E IKk Then a E st v for some vertex v of K. Because v is a 
vertex of only finitely many simplexes {s;} of K, st v is contained in the com­
pact set UISil. Let L = {s E K I s is a face of Si for some i}. Then L is a finite 
subcomplex of K, and a E st v C ILld. • 

8 THEOREM For a simplicial complex K, the following are equivalent: 

(a) K is locally finite. 
(b) IKI is locally compact. 
(c) IKI ~ IKld is a homeomorphism. 
(d) IKI is metrizable. 
(e) IKI satisfies the first axiom of countability. 

PROOF (a) = (b). By lemma 7, if a is a point of IKld, there is a finite sub­
complex L C K such that a is in the interior of ILk Then a is in the interior 
of ILl in IKI. Therefore ILl is a compact neighborhood of a in IKI. 

(b) = (c). To show that IKi ~ IKld is an open map, let U be an open sub­
set of IKI with compact closure 0 in IKI. It suffices to show that U is open in 
IKk Because 0 is compact, there is a finite subcomplex L C K such that 
o C ILl (by corollary 3.1.19). Let Kl be the subcomplex of K defined by 

Kl = {s E K Iisl n U = 0} 

If s E K - K 1, then lsi n U is a nonempty open subset of lsi. Therefore 
(s) n U =1= 0 and (s) n ILl =1= 0. The fact that the open simplexes of K 
form a partition of K implies that s E L, and we have shown that K = Kl U L. 
Now, IKld - IKlid is an open subset of IKk Because L is finite, ILl ~ ILld is 
a homeomorphism. Therefore U is open in ILld, and so it is open in ILld - IK1Id. 
Because ILld - IKlid = IKld - IK1I d, U is open in IKk 

(c) = (d). Because IKld is metrizable, if IKI and IKld are homeomorphic, 
then IKI is also metrizable. 

(d) = (e). Every metrizable space satisfies the first axiom of countability. 
(e) = (a). Assume that K is not locally finite and let v be a vertex of an 

infinite set of simplexes {Sdi=1,2, ... of K. Assume that v has a countable base 
of neighborhoods {U;}i=1,2, ... in IKI. Without loss of generality, we may 
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assume Ui => Ui+1 for all i ~ 1. For each i, (Si) n Ui =1= 0, because v, being 
a vertex of Si, is in the closure of (Si). Let ai E (Si) n Ui. Then the sequence 
{ ai} has v as a limit point (because each Ui contains all aj with i ~ i), but in 
the coherent topology the set {ad is discrete, because it meets every closed 
simplex lsi in a finite set. • 

A realization of a simplicial complex K in Rn is a linear imbedding of IKI 
in Rn. The following theorem characterizes those complexes K which have 
realizations in some euclidean space. 

9 THEOREM If K has a realization in Rn, then K is countable and locally 
finite, and dim K :s; n. Conversely, if K is countable and locally finite, and 
dim K :s; n, then K has a realization as a closed subset in R2n+1. 

PROOF Let f: IKI ~ Rn be a linear imbedding. If K is uncountable, it follows 
from lemma 3.1.18 that IKI contains an uncountable discrete set A'. Then 
f(A') is an uncountable discrete subset of Rn, which is impossible because Rn 

is separable. Therefore K is countable. Clearly IKI is metrizahle and, by 
theorem 8, K is locally finite. It follows from lemma 6 and theorem 5.3 in the 
Introduction that dim K :s; n. 

To prove the converse statement, let {Pi} be a sequence of points 
in R2n+1 such that 

(a) Every set of 2n + 2 of the points Pi is affinely independent. 
(b) If C is any compact subset of R2n+1, there exists i such that C is dis­
joint from the convex subset of R2n+1 generated by the set {Pi I i ~ n. 

For example, let HI => H2 => ... be a decreasing sequence of closed half­
spaces of R2n+1 such that nHi = 0, and assuming Pi defined for i < q, 
inductively choose pq to be a point of Hq not lying on any of the finite 
number of affine varieties determined by 2n + 1 or fewer points of the set 
(p;l 1 ::;; i ::;; q - II.) 

Assume that K is countable and locally finite and dim K :s; n, and let 
{Vdi=I,2, . .. be an enumeration of the vertices of K. Define f: IKI ~ R2n+1 to 
be the linear map such that f(Vi) = Pi. Because of condition (a), it follows 
that for any s E K, f Iisl is a linear imbedding of lsi in IKI, and if sand 
s' E K, then 

f(lsl n Is'l) = f(lsl) n f(ls'l) 

Therefore fis injective. Because of condition (b), if C is any compact subset of 
R2n+1, there is ; such that f-I(C) C U {st Vi Ii :s; f}. Since K is locally finite, 
this implies that f-I(C) C ILl for some finite subcomplex L C K. Therefore 
f-I(C) is compact in IK1. If A is closed in IKI and C is compact in R2n+1, then 
f(A) n C = f(A n f-I(C)) is closed in C [because A n f-I(C) is a closed sub­
set of the compact subset f-I(C) of IKI and f I f-I(C) is a homeomorphism of 
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f-l(C) to f(f-l(C))]. Therefore f is a closed map and is a linear imbedding of 
IKI as a closed subset in R2n+l. • 

3 SUBDIVISION 

Our main interest in simplicial complexes is in the polyhedra they describe. 
To study a polyhedron it is important to consider its different triangulations 
and their interrelationships. This section is devoted to proving the existence 
of "small" triangulations of a polyhedron, which are used in the next section 
in proving that arbitrary continuous maps between polyhedra can be approxi­
mated by simplicial maps. 

Let K be a simplicial complex. A subdivision of K is a simplicial complex 
K' such that 

(a) The vertices of K' are points of IKI. 
(b) If s' is a simplex of K', there is some simplex s of K such that s' C lsi 
(that is, s' is a finite non empty subset of lsI). 
(c) The linear map IK'I -,) IKI mapping each vertex of K' to the corre­
sponding point of IKI is a homeomorphism. 

Note that conditions (a) and (b) assert that every simplex s' of K' has a 
carrier s E K. If K' is a subdivision of K, we identify IK'I and IKI by the linear 
homeomorphism of condition (c). The following fact is immediate from the 
definition. 

I Any subdivision of a subdivision of K is itself a subdivision of K. • 

The next fact is also true (but somewhat more difficult to prove). 

2 If K' and K" are subdivisions of K, there is a subdivision K"' of K that 
is a subdivision of K' and of K". • 

Thus, statements 1 and 2 assert that the subdivisions of K form a directed 
set with respect to the partial ordering defined by the relation of subdivision. 

3 LEMMA Let K and K' be simplicial complexes satisfying conditions (a) 
and (b). If s E K is the carrier of s' E K', then (s') C (s). 

PROOF Let vb, . . . , v; be the vertices of s' and let vo, . . . , Vq be the 
vertices of the carrier s of s'. Because s' C lsi, for 0 :::; i :::; p, vi = ~(l'ijVj. 
Because s is the smallest such simplex, for 0 :::; i :::; q there exists 0 :::; i :::; P 
such that (l'ij =I=- O. Let f3 E (s'). Then 

and because f3i > 0 for all i, ~f3i(l'ij > 0 for all i. Therefore f3 E (s) and , 
(s') C (s). • 
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4 THEOREM Let K' and K be simplicial complexes satisfying conditions 
(a) and (b). Then K' is a subdivision of K if and only if for s E K the set 
{(s') Is' E K', (s') C (s)} is a finite partition of (s). 

PROOF Assume that K' and K satisfy conditions (a) and (b) and the condition 
that {(s') Is' E K', (s') C (s)} is a finite partition of (s) for s E K. Because 
any simplex s E K has only a finite number of faces, it follows that 

K'(s) = {s' E K' I there exists a face Sl of s such that (s') C (Sl)} 

is a finite subcomplex of K', and the linear map hs: IK'(s)1 ~ lsi that maps 
each vertex of K'(s) to itself is a homeomorphism. Therefore there is a contin­
uous map g: IKI ~ IK'I such that g Iisl = hs- 1 for s E K, which is an inverse 
of the linear map h: IK'I ~ IKI. Therefore h is a homeomorphism, and K' and K 
satisfy condition (c). 

Conversely, if K' is a subdivision of K, then {s' I s' E K'} is a partition of 
IK'I = IKI· For s E K, consider the sets (s') n (s) for s' E K'. By lemma 3, 
either (s') n (s) = 0 or (s') C (s). Therefore {(s') Is' E K', (s') C (s)} 
is a partition of (s). Because lsi is compact, it follows from .corollary 3.1.19 
that this set is a finite partition of (s). • 

We use this result to show that any subdivision of K simultaneously 
subdivides every subcomplex of K. 

5 COROLLARY Let K' be a subdivision of K and let L be a subcomplex 
of K. There is a unique sub complex L' of K' which is a subdivision of L. 

PROOF If L' is a subcomplex of K' that is a subdivision of L, then 
L' = {s' E K' I (s') C ILl}, which proves the uniqueness of L'. To prove the 
existence of L', we prove that {s' E K'I (s') C ILl} has the desired properties. 
It is clear that this set is a subcomplex L' of K' and that L' and L satisfy con­
ditions (a) and (b) above. We use theorem 4 to show that L' is a subdivision 
of L. If s E L, by theorem 4 the set {(s') Is' E K', (s') C (s)} is a finite par­
tition of (s). By definition of L', 

{(s') Is' E K', (s') C (s)} = {(s') Is' E L', (s') C (s)} 

Therefore, by theorem 4, L' is a subdivision of L. • 

The subdivision L' of L in corollary 5 is called the subdivision of L 
induced by K' and is denoted by K' I L. 

From the definition of subdivision two facts are immediate. 

6 If J: IKI ~ X is linear on K and K' is a subdivision of K, then f is also 
linear on K'. • 

7 If ((K,L), f) is a triangulation of (X,A) and K' is a subdivision of K, then 

((K' ,K' I L), f) is also a triangulation of (X,A). • 

F'or any simplicial complex we construct a particular subdivision, called 
the barycentric subdivision. For this we need the following lemma, which 
shows how to extend a subdivision of s to a subdivision of § for any simplex s. 
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8 LEMMA Let s be a simplex of some complex and let K' be a subdivision 
of s. For any Wo E <s), K' * Wo is a subdivision of s. 
PROOF In the statement of lemma 8, Wo is regarded as a simplicial complex 
having a single vertex and K' * Wo is the join defined in example 3.1. 7. It is 
clear that K' * Wo satisfies requirements (a) and (b) for a subdivision of s. It 
follows from lemma 3.2.2 that any point of lsi either equals wo, belongs to lsi, 
or belongs to a unique open simplex of the form <s' U {wo}), where s' E K'. 
Therefore the open simplexes of IK' * wol constitute a finite partition of lsi, 
and by theorem 4, K' * Wo is a subdivision of s. • 

The subdivision of s obtained by applying lemma 8 is pictured below for 
a 2-simplex s. 

s = triangle and 
its faces 

K' = pictured subdivision of 
the boundary of the triangle 

K' * Wo = pictured 
triangles and their faces 

We are now ready to prove the existence of the barycentric subdivision. 
Let K be a simplicial complex. We define sd K to be the simplicial complex 
whose vertices are the barycenters of the simplexes of K and whose simplexes 
are finite nonempty collections of barycenters of simplexes which are totally 
ordered by the face relation in K. Thus the simplexes of sd K are finite sets 
{b(so), ... ,b(sq)} such that Si-l is a face of Si for i = 1, ... , q. We shall 
always assume the vertices of a simplex of sd K to be enumerated in this order. 

It is clear that sd K is a simplicial complex and that if L is a subcomplex 
of K, then sd L is a subcomplex of sd K. Furthermore, if b(sq) is the last 
vertex of a simplex s' E sd K, then s' C ISql, and since Sq is the carrier of b(sq), 
Sq is the carrier of s'. Therefore sd K and K satisfy conditions (a) and (b). 

9 THEOREM sd K is a subdivision of K. 

PROOF We show that sd K and K satisfy the hypotheses of theorem 4. 
If s E K, then, by lemma 3 and the remarks above, 

{s' E sd K I < s') C < s) } = {s' E sd K I last vertex of s' = b( s) } 
= {s' E sd s I <s') C <s)} 

Therefore we need only show that sd s is a subdivision of s for any s E K. We 
do this by induction on dim s. If dim s = 0, sd 8 = 8 is a subdivision of 8. For 
q > 0, assume that sd 81 is a subdivision of 81 for every simplex S1 with 
dim Sl < q, and let s be a q-simplex. By the inductive assumption, sd s is a 
subdivision of s. The definition of the barycentric subdivision shows that 
sd s = sd s * b(s). By lemma 8, this is a subdivision of s. • 
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The subdivision sd K is called the barycentric subdivision of K. Tile 
iterated barycentric subdivisions sdn K are defined for n 2 0 inductively, 
so that 

sdO K = K 
sdn K = sd (sdn - 1 K) n 21 

10 LEMMA If L is a subcomplex of K, sd L is a full subcomplex of sd K. 

PROOF Let {b(so), ... ,b(sq)} be a simplex of sd K all of whose vertices 
belong to sd L. Then Si-1 is a face of Si for i = 1 .., q and each Si E L. 
Therefore {b(so), ... ,b(sq)) E sd L. • 

II COROLLARY Let (X,A) be a polyhedral pair. Then A is a strong deforma­
tion retract of some neighborhood of A in X. 

PROOF Because of statement 7 and lemma 10, it suffices to consider the case 
(X,A) = (IKI,ILI), where L is a full subcomplex of K. Let N be the largest 
subcomplex of K disjoint from L. We prove that ILl is a strong deformation 
retract of IKI - INI. If a E IKI - INI, then, by lemma 3.1.10, either a E ILl 
or there exist vertices Vo, ... , vp ELand vertices Vp+1, ... , Vq E N, 
with 0 ::; p and p + 1 ::; q, such that a E < Vo, ... ,vq). In the latter case, 
a = ~O~i~qaiVi' with ai > 0, and we define a = ~o~i~pai. Then 0 < a < 1 
and we let ai = a;/a for 0 ::; i ::; P and ai' = a;/(1 - a) for p + 1 ::; i ::; q. 
Then a = aa' + (1 - a)a", where a' = ~o~i~paivi is in ILl and a" = 
~p+1~i~qa~'Vi is in INI. A strong deformation retraction F: (IKI - INI) X I ~ 
IKI - INI of IKI - IN] to ILl is defined by 

F(a,t) = {~a' + (1 - t)a 
a E ILl, t E I 
a E IKI - (INI U ILl), t E I 

F is continuous because F IILI X I is continuous, and for any simplex of K of 
the form s' Us", where s' ELand s" E N, F I [Is' U s"l n (IKI - IN!)] X I 
is continuous. • 

Let X be a polyhedron and let 621 be an open covering of X. A triangula­
tion (K,f) of X is said to be finer than 621 if for every vertex v E K there is 
U E 621 such that f(st v) C U. A simplicial complex K is said to be finer than 
an open covering 621 of IKI if the triangulation (K,1IKI) of IKI is finer than 621 
(that is, for each vertex v E K there is U E 621 such that st v C U). We show 
that if 621 is any open covering of a compact polyhedron, there are triangula­
tions finer than 621. 

A metric on IKI is said to be linear on K if it is induced from the norm 
in Rn by a realization of K in Rn. Any finite simplicial complex has linear 
metrics, and if K' is any subdivision of K, a metric that is linear on IKI is also 
linear on IK'I. 

12 LEMMA Given a metric linear on an m-simplex s, then for any s' E sd s 

diam Is'l ::; m: 1 diam lsi 
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PROOF Let {Pi lOs; i S; m} be points of Rn and assume that y is a convex 
combination of {Pi} (that is, y = ~tiPi' where ~ti = 1 and ti ~ 0) and let 
x ERn. Then 

Ilx - yll S; Ilx - ~tJPill = II~ti(x - Pi)11 S; ~tillx - Pill 
Therefore Ilx - yll S; sup Ilx - Pill. If x is also a convex combination of {Pi}, 
then Ilx - yll S; sup Ilpi - Pill. 

Regard lsi as imbedded linearly in Rn, with vertices po, P1, ... ,pm' 
Then, by the above result, diam lsi S; sup Ilpi - Pill, and if s' is a simplex of 
sd 8, diam Is'l S; sup {lip' - pI/III p', p" E s'}. Therefore we need only show 
that if p' = (Po + ... + pq)/(q + 1) and p" = (po + ... + pr)/(r + 1), 
where q S; r, then lip' - p"ll S; [m/(m + 1)] sup Ilpi - Pill. Again by the 
result above, 

lip' - pI/II S; sup {Ilpi - p"lll 0 S; i S; q} 

and also, for 0 S; i S; q, 

Ilpi - p"ll = Ilpi - +1 1 0 ~ Piii S; +1 1 0 ~ Ilpi - Pill r 5J<;T 1 <;J<;r 

Therefore 

lip' - p"ll S; r ~ 1 sup {Ilpi - Pill I 0 S; i S; q, 0 S; i S; r} 

< _r_ diam lsi 
-r+1 

Because r S; m, r/(r + 1) S; m/(m + 1) and diam Is'l S; [m/(m + 1)] diam lsi. • 
Given a metric on IKI, we define mesh of K by 

mesh K = sup {diam lsi I s E K} 

13 COROLLARY If K is an m-dimensional complex and IKI has a metric 
linear on K, then 

mesh (sd K) < m mesh K • 
- m + 1 

This gives us the important result toward which we have been heading. 

14 THEOREM Let GiL be an open covering of a compact polyhedron X. Then 
X has triangulations finer than G[, 

PROOF Let (K,f) be a triangulation of X. We shall show that there exists an 
integer N such that if n ~ N, then (sdn K, f) is finer than GiL. Let IKI be pro­
vided with a metric linear on K and let E > 0 be a Lebesque number of the 
open covering f-1GiL = {f- 1 U I U E GiL} with respect to this metric [thus, if 
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A c IKI and diam A :S; e, then f(A) is contained in some element of ''II]. Such 
a number e > 0 exists because IKI is compact. Let m = dim K and choose 
N so that [m/(m + l)]N mesh K :S; e/2 (such an N exists because limn~x 
[m/(m + l)]n = 0). If n ~ N, then, by corollary 13, mesh sdn K :S; e/2. If v' 
is any vertex of sdn K, diam (st v') :S; 2 mesh sdn K :S; e. Therefore f(st v') is 
contained in some element of 01, and (sdn K, f) is finer than 0i1 if n ~ N. • 

This last result is true even if X is not compact. More precisely, if (K,f) 
is a triangulation of a polyhedron X and "It is an open covering of X, there 
exist subdivisions K' of K such that (K',f) is finer than "ILl However, when X 
is not compact K' cannot generally be chosen to be an iterated barycentric 
subdivision of K, and so the proof for this case is more complicated than the 
proof of theorem 14. We need only the form proven in theorem 14, however, 
and so omit further consideration of the more general case. 

4 SIMPLICIAL APPROXIMATION 

A continuous map between the spaces of simplicial complexes can be suitably 
approximated by simplicial maps. This section contains a definition and 
characterization of the approximations and a proof of their existence for maps 
of a compact polyhedron into any polyhedron. Finally, we apply the result 
obtained to deduce some connectivity properties of spheres. 

Let K1 and K2 be simplicial complexes and let f: IK11 ---7 IK21 be contin­
uous. A simplicial map cp: Kl ---7 K2 is called a simplicial approximation to f if 
f(a) E (S2) implies Icp/(a) E /S2/ (or, equivalently,f(a) E /s21 implies /cp/(a) E IS21) 
for a E /Kl/ and S2 E K2. Note that if v is a vertex of K1 such that f(v) is a 
vertex of K2, then /cp/(v) = f(v). Therefore we obtain the following result. 

I LEMMA Let f: IKll---7 IK21 be a map and suppose that for some subcom­
plex L1 C K1, f IIL11 is induced by a simplicial map L1 ---7 K2. If 
cp: K1 ---7 K2 is a simplicial approximation to f, then IcplI ILll = f IILll. • 

In particular, the only simplicial approximation to a map Icpl: IK11 ---7 IK21 
induced by a simplicial map cp: K1 ---7 K2 is cp itself. One sense in which 
a simplicial approximation is an approximation is the following. 

2 LEMMA Let cp: K1 ---7 K2 be a simplicial approximation to a map f: 
IKll ---7 IK21 and let A C IKll be the subset of IK11 on which Icpl and f agree. 
Then /cpl ~ frel A. 

PROOF A homotopy relative to A from Icpl to f is defined by the equation 

F(a,t) = tf(a) + (1 - t)(lcpl(a)) 

1 See theorem 35 in J. H. C. Whitehead, Simplicial spaces, nucleI, and m-groups, Proceedings of 
the London Mathematical Society, vol. 45, pp. 243-327 (1939). 
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The right-hand side is well-defined, because if f(a) E <S2), then 1<pI(a) E IS21, 
and so F(a,t) E IS21 for tEl. The continuity of F is easily verified. Clearly, if 
a E A, then F(a,t) = f(a) for all t E 1. Therefore F: 1<p1 = frel A. • 

The following theorem is a useful characterization of simplicial approxi­
mations. 

3 THEOREM A vertex map <p from Kl to K2 is a simplicial approximation 
to f: IKII ~ IK21 if and only if for every vertex v E Kl 

f(st v) C st <p(v) 

PROOF Assume that <p is a simplicial approximation to f. Let a E st v and 
suppose f(a) E <S2). Then a(v) :::j= 0 and 1<pI(a) E IS21. Because <p is simplicial, 
1<pI(a)(<p(v)) :::j= O. Therefore <p(v) is a vertex of IS21, and f(a) E st <p(v). Since 
this is so for every a E st v, f(st v) C st <p(v). 

Conversely, assume that <p is a vertex map such that f(st v) C st <p(v) for 
every vertex v E K l . We show that <p is a simplicial map. If {vd are vertices 
of a simplex of K l , then n st Vi :::j= 0 (by lemma 3.1.25) and 

o :::j= f( n st Vi) c n f(st Vi) c n st <P(Vi) 

By lemma 3.1.25, {<P(Vi)} are vertices of some simplex of K 2. Therefore <p is 
a simplicial map Kl ~ K 2. 

To show that <p is a Simplicial approximation to f, assume a E <Sl) and 
f(a) E (S2) and let v be any vertex of Sl. Then a E st v and, by hypothesis, 
f(a) E st <p(v). Therefore <p(v) is a vertex of S2. This is so for every vertex v of 
Sl. Because <p is simplicial, 1<p1(lsl!) C IS21. Hence 1<pI(a) E IS21, and <p is a 
simplicial approximation to f • 

We are also interested in simplicial approximations <p: (K 1,L1) ~ (K 2 ,L2 ) 

to maps f: (IKll,ILll) ~ (IK21,IL21). The folloWing corollary shows that any 
simplicial approximation Kl ~ K2 to a map f: (IKll,ILl !) ~ (lK21,IL21) is 
automatically a simplicial approximation when regarded as a map of pairs. 

4 COROLLARY Let f: IKII ~ IK21 be a map such that f(ILll) C IL21 for 
Ll C Kl and L2 C K2 and let <p: Kl ~ K2 be a simplicial approximation to 
f. Then <p I Ll maps Ll to L2 and is a simplicial approximation to fllLll. 

PROOF By theorem 3, it suffices to show that if v is a vertex of L1, then <p(v) 
is a vertex of L2 such that 

f(st v n ILl!) c st <p(v) n IL21 

Since <p is a simpliCial approximation to f, f(st v) C st <p(v), and if v is a vertex 
of L 1 , then f(v) E <S2) for some S2 E L2 [because f(ILll) C IL2Il. Therefore 
<p(v) is a vertex of L2 and 

f(st v n ILl!) C f(st v) n IL21 C st <p(v) n IL21 • 

It follows from corollary 4 that any simplicial approximation to a map 
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f: (IKII,ILII) ---7 (IK21,IL21) is a simplicial map cp: (K1,L 1) ---7 (K 2,L2). From 
lemma 2, it follows that f '::::: Icpl as a map of pairs. 

5 COROLLARY The composite of simplicial approximations to maps is a 
simplicial approximation to the composite of the maps. 

PROOF Let cp: KI ---7 K2 be a simplicial approximation to f: IKII ---7 IK21 and 
let 1/;: K2 ---7 K3 be a simplicial approximation to g: IK21 ---7 IK3 1. Then; 
by theorem 3, for a vertex v E KI 

gf(st v) C g(st cp(v)) C st 1/;cp(v) 

and 1/;cp: Kl ---7 K3 is thus a simplicial approximation to gf: IKII ---7 IK3 1. • 

Theorem 3 leads to the following necessary and sufficient condition for 
the existence of a simplicial approximation to a map. 

S THEOREM A map f: IKII ---7 IK21 admits simplicial approximations 
KI ---7 K2 if and only if KI is finer than the open covering {f-I(st v) I v is a 
vertex of K2}. 

PROOF By theorem 3, there exist simplicial approximations to f if and only 
if for each vertex VI E KI there is a vertex V2 E K2 such that st VI C f-l(st V2). 
This is equivalent to the condition that Kl is finer than (f-l(st v)} v E K2 • • 

If K' is a subdivision of K, then for vertices v' E K' and v E K 

Combining this fact with theorem 3 yields the following corollary. 

7 COROLLARY Let K' be a subdivision of K. A vertex map cp from K' to K 
is a simplicial approximation to the identity map IK'I C IKI if and only if 
v' E st cp(v') for every vertex v' E K'. • 

In particular, if K' is a subdivision of K, there exist simplicial approxima­
tions K' ---7 K to the identity map IK'I C IKI. Combining theorems 6 and 
3.3.14 and corollary 4, we obtain the following simplicial-approximation 
theorem. 

8 THEOREM Let (KbLI) be a finite simplicial pair and let f: (IKII,ILIi) ---7 

(IK21,IL2i) be a map. There exists an integer N such that if n ~ N there are 
simplicial approximations (sdn Kb sdn L I ) ---7 (K 2,L2) to f. • 

As remarked at the end of Sec. 3.3, theorem 3.3.14 is also valid for an 
arbitrary polyhedron X. Therefore, if KI is arbitrary and f: IKII ---7 IK21 is a 
map, there exists a subdivision Ki of KI and a simplicial approximation 
Ki ---7 K2 to f: IKil ---7 IK21. If KI is not finite, however, Ki cannot generally 
be taken to be an iterated barycentric subdivision of K I . 

9 EXAMPLE If 8 is the complex consisting of all proper faces of a 2-simplex s, 
then 181 is homeomorphic to 51, and therefore [181;181] is an infinite set. 
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Because 8 is a finite complex, there are only a finite number of simplicial maps 
sdn 8 ~ 8 for any n. Therefore for any n there exist maps 181 ~ 181 having no 
simplicial approximation sdn 8 ~ 8. 

10 EXAMPLE Let 8 be as in example 9 and let its vertices be Vo, V1, Vz. De­
fine f: 181 ~ 181 to be the map linear on sd 8 such that 

f(vo) = b{ VO,V1} 
f(b{ vo,vd) = V1 

f(V1) = b{ V1,VZ} 
f(b{ VbVZ}) = Vz 

f(vz) = b{ vz,vo} 
f(b{vz,vo}) = Vo 

Then f c:::: 11.sl, but there is no simplicial approximation 8 ~ 8 to f. There are 
exactly eight simplicial approximations cp: sd S --+ s to f [cp is unique on b{vo,th}, 
b{ V1,VZ}, and b{ vz,vo}, and <p(vo) = Vo or Vb <P(V1) = Vl or Vz, and <p(vz) = Vz 
or vol. 

As an application of the technique of simplicial approximation, we 
deduce the following useful result. 

II THEOREM 5n is (n - I)-connected for n 2': 1. 

PROOF By theorem 1.6.7, it suffices to prove that if m < n, any map 
5m ~ 5n is null homotopic. Let Sl be an (m + I)-simplex and Sz an (n + 1)­
simplex. Then 5m and 5n are homeomorphic, respectively, to 1811 and 18zl. By 
theorem 8 and lemma 2, it suffices to show that if <p: sdi 81 ~ 82 is any 
simplicial map, then 1<p1 is null homotopic. Because dim (sd i 81) = m < n, <p 
maps sdi 81 into the m-dimensional skeleton of 82. Therefore there is some 
0' E 1821 such that 

Because 18z1 - 0' is homeomorphic to 5n minus a point, which is homeomor­
phic to Rn, it is contractible. Therefore 1<p1 is null homotopic. • 

In particular, we have the following result. 

12 COROLLARY For n > 1, 5n is simply connected. • 

Because 5n is locally path connected, corollary 12 and the lifting theorem 
imply that any continuous map f: 5n ~ 51 can be factored through the covering 
map ex: R ~ 51. Since R is contractible, this implies the following corollary. 

13 COROLLARY For n > 1 any continuous map 5n ~ 51 is null homotopic. • 

:; CONTIGUITY CLASSES 

In the last section it was shown that any continuous map between the spaces 
of simplicial complexes has simplicial approximations defined on sufficiently 
fine subdivisions of the domain complex. In general, simplicial approximations 
to a given continuous map are not unique, and in this section we investigate 
this nonuniqueness. 
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We shall define an analogue of homotopy, called contiguity, in the cate­
gory of simplicial pairs and simplicial maps. Different simplicial approxima­
tions to the same continuous map will be shown to the contiguous. The main 
result of the section is the existence of a bijection between the set of homo­
topy classes of continuous maps (from the space of a finite simplicial complex 
to the space of an arbitrary complex) and the direct limit of a certain sequence of 
contiguity classes of simplicial maps. 

Let (KI,LI) and (K 2 ,L2 ) be simplicial pairs. Two simplicial maps qJ, 

qJ': (KI,LI) ----> (K 2 ,Lz) are contiguous if, given a simplex s E KI (or sELl), 
cp(s) U cp'(s) is a simplex of K2 (or of L2). Obviously, this is a reflexive and 
symmetric relation in the set of simplicial maps (KI,LI) ----> (Kz,L z), but 
in general it is not transitive. There is, however, an equivalence relation, 
denoted by qJ ~ qJ', in this set of simplicial maps that is defined by qJ ~ qJ' if 
and only if there exists a finite sequence qJo, qJI, . . . , qJn such that qJo = qJ 
and qJn = qJ' and such that qJi-1 and qJi are contiguous for i = 1, 2, . . . , n. 
The corresponding equivalence classes are called contiguity classes, and the 
set of contiguity classes of simplicial maps from (KI,LI) to (K 2 ,Lz) is denoted 
by [KI,LI; Kz,Lz]. If qJ: (KbLI) ----> (Kz,Lz) is a simplicial map, its contiguity 
class is denoted by [qJ]. 

We shall see that contiguity classes are algebraic analogues of homotopy 
classes. We begin by showing that contiguity classes can be composed. 

I LEMMA Composites of contiguous simplicial maps are contiguous. 

PROOF Assume that qJ, qJ': (K I,Ll) ----> (Kz,L2 ) are contiguous and 1/;, f: 
(Kz,Lz) ----> (K3,L3) are contiguous. If s is a simplex of KI (or LI)' qJ(s) U qJ'(s) 
is a simplex of K2 (or L2). Therefore 

l/;(qJ(s) U qJ'(s)) U 1/;'(qJ(s) U qJ'(s)) 

is a simplex of K3 (or L3). This implies that the subset I/;qJ(s) U l/;'qJ'(s) is 
a simplex of K3 (or L3) and that I/;qJ, l/;'qJ': (KI,LI) ----> (K3,L3) are contig­
uous. • 

It follows easily from lemma 1 that if qJ ~ qJ' and I/; ~ 1/;', then 
I/;qJ ~ I/;qJ' ~ l/;'qJ'. Therefore there is a well-defined composite of contiguity 
classes 

[I/;] 0 [qJ] = [l/;qJ] 

for (KI,LI) ~ (K z,L2 ) -'4 (K3,L3). Thus there is a contiguity category whose 
objects are simplicial pairs and whose morphisms are contiguity classes 
of simplicial pairs. There are full subcategories of the contiguity category 
determined by the pairs (K, 0) or by the pointed simplicial complexes. 

2 LEMMA Contiguous simplicial maps which agree on a subcomplex 
define continuous maps which are homotopic relative to the space of the 
subcomplex. 
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PROOF Assume that cp, cp': (K 1,L1 ) ~ (K 2,L2 ) are contiguous and agree on 
L C Kl. Define a homotopy F: (iKll X J, ILll X 1) -+ (lK21,IL21) reI ILl from 
Icpl to Icp'l by the equation 

F(a,t) = (1 - t)(lcpl(a)) + t(lcp'l(a)) 

Since homotopy is an equivalence relation, if cp - cp', then Icpl ~ Icp'l. 
Therefore we have the following result. 

3 COROLLARY There is a covariant functor from the contiguity category 
of simplicial pairs to the homotopy category of topological pairs which 
assigns to (K,L) the pair (IKI,ILI) and to [cp] the homotopy class [Icpl]. -

The next result considers different simplicial approximations to the same 
continuous map. 

4 LEMMA Two simplicial approximations (K1,L1) ~ (K 2,L2 ) to the same 
continuous map are contiguous. 

PROOF Let cp, cp': (K 1,L1) ~ (K2,L2 ) be simplicial approximations to f: 
(IK11,IL1 1) ~ (IK21,IL21) and let {v;} be a simplex of K1. Then n st Vi =1= 0, 
and by theorem 3.4.3, 

o =1= f(n st Vi) C nf(st Vi) c n (st CP(Vi) n st CP'(Vi)) 

Therefore {cp( Vi)} U {cp' (Vi)} is a simplex of K2. If {v;} is a simplex of L 1, a 
similar argument shows that {cp( Vi)} U {cp' (Vi)} is a simplex of L 2. Therefore 
cp and cp' are contiguous. -

Since it was necessary to subdivide in order to obtain simplicial approxi­
mations to arbitrary continuous maps, we should also expect to subdivide to 
make contiguity classes correspond to homotopy classes. An example will 
illustrate the relation between homotopy and contiguity. 

:. EXAMPLE Let s be a 2-simplex with vertices Vo, V1, V2 and let K1 = K2 = S. 
Any vertex map from K1 to K2 is a simplicial map. Therefore there are 
exactly 27 simplicial maps K1 ~ K2. Of these 27, there are 21 which map K1 
into a proper subcomplex of K 2 , and these constitute one contiguity class. Of 
the remaining 6, each is the only element of its contiguity class, the 3 even 
permutations of the vertices defining homotopic continuous maps correspond­
ing to one generator of the group 

[IK11;IK21J :::::; [51;51] :::::; Z 

and the 3 odd permutations corresponding to the other generator of this 
group. Therefore [K 1;K2] consists of 7 elements, and the image 

[K 1;K2] ~ [IK11;IK21J 

consists of 3 elements. 

This example shows that simplicial maps which define homotopic con­
tinuous maps need not be in the same contiguity class. The next result shows 
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that a finite simplicial complex can be subdivided so that homotopic simplicial 
maps from it to some other complex can be simplicially approximated on the 
subdivision by maps in the same contiguity class; it is the analogue for 
homotopy of the simplicial-approximation theorem. 

6 THEOREM Let I, f': (lKll,ILli) ~ (IKzl,ILzi) be homotopic, where Kl is 
finite. Then there exists N such that I and f' have simplicial approximations 

cP, cP': (sdN Kl, sdN L l ) ~ (Kz,Lz) 

respectively, in the same contiguity class. 

PROOF Let F: (IKll X I, ILll X I) ~ (IKzl,ILzj) be a homotopy from Itof'. 
Because IKll is compact, there exists a sequence 0 = to < tl < ... < tn = 1 
of points of I such that for a E IKll and i = 1, 2, ... ,n there is a vertex 
v E Kz such that F(a,ti_l) and F(a,ti) both belong to st v. Let k (IKll,ILll) ~ 
(IKzl,ILz!) be defined by Ii(a) = F(a,ti)' Then 1=10 and f' = In, and for 
i = 1,2, . . . ,n the set 

qli = {fi-l(st v) n Ii-=-~(st v) I v E K z} 

is an open covering of IKll. Let N be chosen large enough so that sdN Kl is 
finer than "Ill, G/lz, ... , GIln (which is possible, by theorem 3.3.14). For 
i = 1, 2, ... , n let CPi be a vertex map from sdN Kl to Kz such that 

Ii(st v) U Ii-l(st v) c st CPi(V) 

for each vertex v E Kl (such a vertex map CPi exists because sdN Kl is finer 
than GIl;). By theorem 3.4.3, 

CPi: (sdN Kl, sdN L l ) ~ (Kz,Lz) 

is a simplicial approximation to Ii and to Ii-1. Because CPi and CPi+l are 
simplicial approximations to Ii, it follows from lemma 4 that CPi and CPHI are 
contiguous for i = 1, 2, . . . , n - 1. Therefore CPl ~ cpn, and also CPl is a 
simplicial approximation to 10 = I and CPn is a simplicial approximation to 

In = f'. • 

Unlike the simplicial-approximation theorem, this last result is definitely 
false if Kl is not a finite simplicial complex. That is, given homotopic maps 
I, f': IKll ~ IKzl, there need not be a subdivision Kl of Kl such that I and f' 
have simplicial approximations Kl ~ K2 in the same contiguity class. 

7 EXAMPLE Let Kl = K2 equal the simplicial complex of example 3.1.8, 
with space homeomorphic to R. Let cP: Kl ~ K2 be the identity simplicial 
map and cP': Kl ~ K2 be the constant simplicial map sending every vertex of 
Kl to the vertex 0 of K2. Since R is contractible, Icpl ~ Icp'l. However, if Kl is 
any subdivision of K1 , a simplicial approximation 1/;: Kl ~ K2 to Icpl must be 
surjective to the vertices of K2 and a simplicial approximation 1/;': Kl ~ K2 
to Icp'l must be the constant map to O. Since two contiguous maps Kl ~ K2 
either both map onto a finite set of vertices or neither does,1/; and 1/;' are not 
in the same contiguity class. 
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We show that if KI is finite the set of homotopy classes of maps 
[IKII,ILII; IK21,IL2U is the direct limit of the set of contiguity classes 

[sdn K I , sdn LI; K 2,L2] 

Note that simplicial approximations (sd Kl, sd LI) ~ (KI,LI) to the identity 
map (Isd KII, Isd LII) c (IKII,ILII) exist, by corollary 3.4.7, and any two are' 
contiguous, by lemma 4. Because the composites of contiguous simplicial 
maps are contiguous by lemma 1, there is a well-defined map 

sd: [KI,LI; K2,L2] ~ [sd KI, sd LI; K2,L2] 

defined by 

sd[<p] = [<pA] 

where A: (sd KI, sd LI) ~ (Kl,LI) is any simplicial approximation to the. 
identity (Isd KII, Isd LIJ) C (IKII,ILII) and <p: (KI,LI) ~ (K2,L2 ) is an arbitrary 
simplicial map. By iteration there is obtained a sequence 

... ~ [sdn KI, sdn LI; K2,L2] ~ [sdn+1 KI, sdn+1 LI; K2,L2] ~ ... 

which begins with [KI,LI; K2,L2] on the left and extends indefinitely on the 
right. The direct limit lim~ {[sdn K I , sdn LI; K2,L2]} is a functor of two argu­
ments contravariant in (Kl,LI) and covariant in (K2,L2). For finite KI this 
functor is naturally equivalent to the functor [IKII,ILll; IK21,IL21]. 

8 THEOREM If KI is a finite simplicial complex, there is a natural 
equivalence 

lim~ {[sdn K1, sdn LI; K2,L2]} :::::: [IKll,ILll; IK21,IL2 1] 

PROOF A function from the direct limit to [IKII,ILII; IK21,IL21] consists of a 
sequence of functions 

fn: [sdn KI , sdn LI; K2,L2] ~ [IKII,ILll; IK21,IL2 1] 

for n ~ 0 such that fn = fn+1 0 sd for n ~ O. Such a sequence fn is defined 
by fn[<p] = [I<pl] for <p: (sdn K I , sdn L1) ~ (K2,L2 ), because if 

An: (sdn+1 Kl, sdn+1 L1) ~ (sdn K1, sdn L1) 

is a simplicial approximation to the identity map 

(lsdn+IKII, Isdn+1L1J) C (lsdnK11, IsdnL11) 

then, by lemma 3.4.2, IAnl c::::: 1, and 

/n+l sd[lf] = [IIfAnl] = [Irpl] = fn[rp] 

The sequence {fn} defines a natural transformation 

f: lim~ {[sdn K1, sdn L1; K2,L2]} ~ [IKll,ILll; IK2 1,IL2 J] 

and we show that f is a bijection. 
It follows easily from the simplicial-approximation theorem that Un} 

satisfies (a) of theorem 1.3 of the Introduction; for if g: (IK11,IL1J) ~ (IK21,IL21) 



134 POLYHEDRA CHAP. 3 

is a map and ([J: (sdn Kl, sdn L l ) ~ (K2,L2 ) is a simplicial approximation to g, 
then I([JI ~ g, and 

fn[([J] = [I([JI] = [g] 

To show that {fn} satisfies (b) of theorem 1.3 of the Introduction, assume 

([J, <p': (sdn Kl , sdn L l ) ~ (K 2,L2 ) 

are such that 1<p1 ~ l<p'l. By theorem 6, there exists m ~ n such that I([JI and 
1<p'1 have simplicial approximations 

1/;,1/;': (sdm K 1, sdm L 1) ~ (K 2 ,L2) 

in the same contiguity class. Let 

Am.n: (sdm K l , sdm L 1) ~ (sdn K1, sdn L1) 

be the composite Am,n = An An+l ... Am-I. Then Am,n is a simplicial approxi­
mation to the identity map, and because <p is a simplicial approximation 
to 1<p1, <pAm,n is also a simplicial approximation to 1<p1, by corollary 3.4.5. By 
lemma 4, <pAm,n is contiguous to 1/;. Similarly, <P'Am,n is contiguous to 1/;'. Since 
I/; and 1/;' are in the same contiguity class, so are <pAm,n and <p'Am,n. This means 
that sdm-n[<p] = sdm-n[<p'] in [sdm K1 , sdm L 1; K2,L2]. • 

For finite Kl the last reslllt furnishes an algebraic description of the set 
[!Kll,ILll; IK21,IL21]. As an application, note that if K2 is a countable complex, 
there are only a countable number of simplicial maps (sdn K l , sdn L1) ~ 

(K 2,L2) for n ~ O. Therefore [sdn K1, sdn L l ; K2,L2] is countable for n ~ O. 
Because the direct limit of a sequence of countable sets is countable, we 
obtain the following result. 

9 COROLLARY Let (X,A) and (Y,B) be polyhedral pairs with X compact 
and Y the space of a countable complex. Then [X,A; Y,B] is a countable set. • 

6 THE EDGE ·PATH GROIJPOID 

It was shown in the last section that for finite Kl. [IKll;IK21] is describable as 
a limit in which Kl is subdivided but K2 is not. In particular, for any simplicial 
complex K the set of path classes of IKI from Vo to VI is determined by the 
simplicial structure of K. This is made explicit in the present section, where 
we define a simplicial analogue of the fundamental groupoid of a space. In 
the next section the fundamental group of a polyhedron is presented in terms 
of generators and relations. 

An edge of a simplicial complex K is an ordered pair of vertices (v,v') 
which belong to some simplex of K. The first vertex V is called the origin of 
the edge, and the second vertex v' is called the end of the edge. An edge path 
~ of K is a finite nonempty sequence ele2 ... er of edges of K such that end 
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ei = orig ei+l for i = 1, ... , r - 1. We define orig ~ = orig el and end ~ = 
end er • A closed edge path at Vo E K is an edge path ~ such that orig ~ = 
Vo = end ~. If ~ 1 and ~ 2 are edge paths of K such that end ~ 1 = orig ~ 2, we 
define the product edge path ~ l~ 2 to be the edge path consisting of the 
sequence of edges of ~ 1 followed by the sequence of edges of ~ 2. Then 
orig ~ l~ 2 = orig ~ 1 and end ~ l~ 2 = end ~ 2. It is clear that if end ~ 1 = orig ~ 2 

and end ~2 = orig ~3, then ~1(~2~3) = (~1~2)~3. The product of edge paths thus 
satisfies associativity; however, there are no left or right identity elements for 
the product. To obtain a category (as was done for paths in a topological 
space) it is necessary to define an equivalence relation in the set of edge paths 
of K. 

Two edge paths ~ and t' in K are simply equivalent if there exist vertices 
v, v', and v" of K belonging to some simplex of K such that the unordered 
pair {Sot'} equals one of the following: 

The unordered pair {(v,v"), (v,v')(v',v")} 
The unordered pair gl(V,V"), ~l(V,v')(v',v")} for some edge path ~l in K 
with end ~l = v 
The unordered pair {(v,v")h (v,v')(v',v")~z} for some edge path ~2 in K 
with orig ~ 2 = v" 
The unordered pair gl(v,v")h ~1(V,V')(v',V")~2} for some edge paths 
~l and ~2 in K with end ~l = v and orig ~2 = v". 

Two edge paths ~ and t will be said to be equivalent, denoted by ~ - t, 
if there is a finite sequence of edge paths ~o, ~l' ... , ~n such that ~ = ~o 
and r = ~n, and ~i-l and ~i are simply equivalent for i = 1, ... , n. This 
is an equivalence relation, and the following statements are easily verified. 

I ~ - t' implies that ~ and t' have the same origin and the same end. • 

2 ~l - ~1' ~2 - ~2 and end ~l = orig ~2 imply ~1~2 - ~1~2' • 

3 If orig ~ = V1 and end ~ = V2, then (V1,V1)~ - ~ - ~(V2,V2)' • 

If ~ is an edge path, m denotes its equivalence class. It follows from 
statement 1 that "orig m and end [~] are well-defined (by orig m = orig ~ 
and end m = end n From statement 2 there is a well-defined composite 
[~1] 0 [~2] = [~1~ 2] defined if end ~ 1 = orig ~ 2. We then have the following 
simplicial analogue of theorem 1.7.7. 

4 THEOREM There is a category &;(K) whose objects are the vertices of K 
and whose morphisms from V1 to Vo are the equivalence classes m with 
orig m = Vo and end m = V1 and whose composite is [~1] 0 [~2]' 

PROOF The existence of identity morphisms follows from statement 3, and 
the associativity of the composite is a consequence of the associativity of the 
product of edge paths. • 

We now show that E9(K) is a groupoid. If e = (v,v') is an edge of K, we 
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define e- I = (v',v), and if r = el ... er is an edge path in K, we define 
r- I = er- I ... el-l . The following statements are then easily verified. 

:; (r-I)-I = r • 
6 orig r-I = end r and end r- I = orig r • 
7 rl - r2 implies rl-1 - r2-1. • 

8 If orig r = VI and end r = V2, then rr- I - (VI, VI) and r-Ir - (V2,V2). • 

It follows that in f9(K), [r-I] = L~rl, and so &~(K) is a groupoid. This 
groupoid is called the edge-path groupoid of K. If Vo is a vertex of K, the 
operation m 0 [t'] in the set of elements of C(K) with origin and end at Vo 

gives a group denoted by E(K,Vo) and is called the edge-path group of K with 
base vertex Vo· 

To compare 6~(K) [and E(K,vo)] with <3'(IKI) [and '7T(IKI,vo)], for r ;;::: 1 let 
Ir denote the subdivision of I into r equal subintervals; that is, Ir is the 
simplicial complex 

Given an edge path r = el ... er in K with r edges, let CPr: Ir ~ K be the sim­
plicial map defined by 

(~) _ {Orig ei+1 
CPr r - end ei 

O~i~r-l 

1 ~ i ~ r 

Then ICPrl: I ~ IKI is a path in IKI, and it is easily seen that the following 
statements hold. 

9 orig ICPrl = orig r and end Icpli = end r • 
lOr - r implies ICPrl ~ Icpr! reI t • 
II Ifendrl = origr2, then ICPrlr21 ~ ICPrll * ICPr21 reU. • 

It follows that there is a natural transformation p from 6~(K) to <3'(IKI) 
which assigns to V E K the point v E IKI and to a morphism m in f9(K) the 
morphism [ICPrl] in <3'(IKI). We shall prove that for vertices vo, VI E K, P is a 
bijection 

p: hom~; (VI.Vo) ;::::; hom6j> (VI,VO) 

This can be obtained from theorem 3.5.8, but there is also a direct proof 
(which seems no longer than a proof based on theorem 3.5.8). 

12 LEMMA For any Vo, VI E K the function 

p: hom~; (VI,VO) ~ bom~p (VI,VO) 

is surjective. 

PROOF Given a path w: I ~ IKI from Vo to VI. because I = Ihl, it follows 
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from theorem 3.4.8 that there is a simplicial map 

cp: sdn 11 ---7 K 

which is a simplicial approximation to w. Since sdn 11 = I2n, there is an edge 
path r = el ... e2n defined by ei = (cp((i - 1)/2n), cp(i/2n)) such that cP = CPI 
for this r Because cp(O) = w(O) and cp(l) = w(I), it follows from lemma 3.4.2 
that Icpl ~ w reI i. Therefore [w] = [Icpl] = [lcpll] = p[n • 

We shall need some preliminary lemmas before showing that p is injective. 

13 LEMMA For any simplex s two edge paths in s with the same origin and 
the same end are equivalent. 

PROOF It suffices to prove that if r is any edge path in s from orig r = v and 
end r = v', then r is equivalent to the edge path consisting of the single edge 
(v,v'). This is proved by induction on the number of edges of r • 
14 LEMMA Let rand t be edge paths in K, each with r edges, such that 

CPI' CPr: Ir ---7 K are contiguous. Then r - t. 
PROOF Let r = el ... er, where ei = (Vi-1.Vi), and let t = el ... e~, where 
ei = (VLhVi). For 0 ::::; i ::::; r let ei = (Vi,vi) (this is an edge of K because 
CPI and CPr are contiguous). From the definition of equivalence 

Because CPI and CPr are contiguous, for each 1 ::::; i ::::; r there is some simplex 
Si of K such that ei, ei, ei-l, and ei all are edges of Si. By lemma 13, elel - el 
and ej-=-\eiei - ei for 2 ::::; i ::::; r - 1, and e;}ler - e;. Therefore 

15 LEMMA Let r = el ... er be an edge path of K and let A: I2r ---7 Ir be a 
simplicial approximation to the identity map II2rl C IIrl. Then CPIA = CPr: 
I2r ---7 K for some t = el ... eZr and r - t. 

PROOF Let ei = (Vi-1.Vi) for 0 ::::; i ::::; r. Then e:H-le2i = (Vi-l,Vi)(Vj.Vi) for 
a vertex Vi which equals either Vi-lor Vi, By lemma 13, ~i-1~t - fq and 

t -r • 
We are now ready for the main result on the edge-path groupoid. 

16 THEOREM For vertices vo, VI E K the function 

p: hom& (Vl,VO) ---7 hom6j> (Vl,VO) 

is a bijection. 

PROOF In view of lemma 12, it only remains to prove that p is injective. 
Assume that rand t are edge paths from Vo to VI such that Icpll c::o Icpr! reI i. 
By juxtaposing trivial edges (VI, VI) at the end of r or t sufficiently often, we 
can replace rand t by equivalent edge paths haVing an equal number of 
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edges. Hence there is no loss of generality in assuming sand S' both to have r 
edges. Then <PI' <Pr: Ir ~ K are such that !<PI! ~ !<pr! rel i. By theorem 3.5.6, 
there exists m such that if A.: sdm Ir ~ Ir is a simplicial approximation to the 
identity, then <PIA. and <PrA. are in the same contiguity class. Now <PIA. = <PI! 
and <PrA. = <Pn for edge paths S 1 and n in K. By lemma 15 (and induction 
on m), S - Sl and S'- si. From lemma 14 it follows that Sl - n. Therefore 

S -S'. • 
If <P: K1 ~ K2 is a simplicial map, there is a covariant functor 

<P#: t~(K1) ~ &~(K2) defined by 

<p#[sl = [<pm 1 
where, if S = (VO,V1)(V1,V2) ... (Vr-1,Vr), then <p(s) = (<p(vO),<P(V1)) ... 
(<P(Vr_1),<P(Vr)). It is trivial to verify that commutativity holds in the square 

G~(K1) ~ &~(K2) 

Therefore we have the following result. 

17 COROLLARY On the category of pointed simplicial complexes K with 
base vertex Vo, P is a natural equivalence of the covariant functor E(K,vo) 
with the covariant functor '7T(IKI,vo). • 

Note that fi,(K) is determined by the 2-skeleton of K; that is, the edge 
paths of K are determined by pairs of vertices of K which are vertices of a 
simplex, and the equivalences between edge paths are determined by triples 
of vertices which are vertices of a simplex. Hence &~(K2) ~ 6~(K). 

18 COROLLARY For any pointed simplicial complex (K,vo), the inclusion 
map K2 C K induces an isomorphism 

'7T(IK21,vo) ~ '7T(IKI,vo) • 

If s is a simplex of K, any two of its vertices belong to the same com­
ponent of 0(K). Therefore the components {Ej} of &~(K) define a partition 
of K into subcomplexes {Kj}, called the components of K, defined by 
Kj = {s E K I s has some vertex in Ej}. K is said to be connected if it contains 
exactly one component. 

19 THEOREM If {Kj} are the components of K, then {!Kjl} are the path 
components of IKI· 
PROOF If v is a vertex of K, then st v is path connected and so belongs to 
the same path component of IKI as v. It follows from theorem 16 that two vertices 
of K are in the same component of 0'(IKI) if and only if they are in the same 
component of 0(K). Therefore, if {Ed is the set of components of t~(K), the 
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path components of IKI are the sets {Pd defined by Pj = U {st v I v E Ej }. 

Clearly, Pj = IKjl. • 

7 GRAPHS 

We show how a system of generators and relations for the edge-path group 
E(K, vol can be determined. This provides a method for finding generators 
and relations of the fundamental group of a polyhedron. Since every edge 
path of K is an edge path of the one-dimensional skeleton of K, we start with 
a description of the edge path group of a one-dimensional complex. 

A one-dimensional simplicial complex is called a graph. A tree is defined 
to be a simply connected graph. 

I LEMMA A graph is a tree if and only if it is contractible. 

PROOF Since a contractible space is simply connected, a contractible graph 
is a tree. Conversely, let K be a tree and let CiO be a point of IKI. We ~hall de­
fine a homotopy F: IKI X I ~ IKI from the identity map 1 of IKI to the con­
stant map c of IKI to CiO. Since IKI is path connected, for each vertex v of K 
there is a path Wv in IKI from v to CiO. We now define F on v X I by F(v,t) = 
w,,(t). For every I-simplex s of K the map F is defined on the subset 
(lsi X 0) U (lsi X 1) U (lsi X 1) of lsi X I. Since IKI is simply connected and 
(lsi X I, (lsi X 0) U (lsi X 1) U (lsi X I)) is homeomorphic to (E2,SI), it 
follows that F can be extended over lsi X I. In this way we obtain a map 
F: IKI X I ~ IKI whose restriction to each lsi X I is continuous. Then F is 
continuous and F: 1 ~ c. • 

2 LEMMA Let K be a connected simplicial complex. Then K contains a 
maximal tree, and any maximal tree contains all the vertices of K. 

PROOF The collection of trees contained in K is partially ordered by inclu­
sion. Let {Kj} be a simply ordered set of trees in K and let T = U Kj. We 
show that T is a tree. Since K j is one-dimensional, T is one-dimensional. 
Since {Kd is a simply ordered set of trees, it follows that any finite subcom­
plex of T is contained in some K j • To show that T is simply connected, let f: 
Si ~ IT I, where i = 0 or 1. Then f(Si) is compact and is therefore contained 
in IKjl for some ;. Since IKjl is simply connected, the map f: Si ~ IKjl can be 
extended to a map!': Ei+l ~ IKjl c ITI, and ITI is simply connected. 

As a result, every simply ordered set of trees in K has a tree as upper 
bound. Zorn's lemma can be applied to yield a maximal tree in K. If T is a 
maximal tree of K and does not contain all the vertices of K, it follows from 
the connectedness of K that there is a I-simplex {vl,vd E K with VI E T and 
V2 ~ T. Let Tl = T U {{ V2}, {vbvd}. Since VI is a strong deformation re­
tract of I {VI,V2}1, ITI is a strong deformation retract of ITII. Therefore ITll is 
contractible, and so TI is a tree strictly larger than T, contradicting the max­
imality of T. • 
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It follows from lemma 2 that if K is a connected complex and T is 
a maximal tree in K, then K - T consists of simplexes of dimension ~ 1. 
Because I T I is contractible, any edge path in K is determined by its part in 
K - T, as we shall see below. This motivates the following definition. 

Let T be a maximal tree of the connected complex K. Let G be the 
group generated by the edges (v,v') of K with the relations 

(a) If (v,v') is an edge of T, then (v,v') = 1. 
(b) If V, v', and v" are vertices of a simplex of K, then (v,v')(v',v") = (v,v"). 

3 THEOREM With the notation above, E(K,vo) ;::::; G. 

PROOF Since T is connected and contains the vertices of K, for each vertex 
v of K there is an edge path rv in T such that orig rv = Vo and end rv = v. If 
(v,v') is an edge of K, the edge path rv(v,v')rv,-l is a closed edge path in K at 
Vo. Therefore there is a homomorphism a of the free group F generated by 
the edges of K into E(K,vo) defined by a(v,v') = [rv(v,v')rv,-l]. 

We show that a can be factored through G. If (v,v') is an edge of T, then 
rv(v,v')rv,-l is a closed edge path in T. Because T is simply connected, 
[rv(v,v')rv,-l] = 1 and a sends relations of type (a) into 1. If v, v' and v" are 
vertices of a simplex of K, then 

[rv(v,v')rv,-l] 0 [rv,(v',v")rv,,-l] = [rv(v,v')(v',v")rv,,-l] 
= [rv(v,v")rv,,-l] 

Therefore a((v,v')(v',v")) = a(v,v"), and so there is a homomorphism 
a': G ~ E(K,vo) such that a'(v,v') = a(v,v') = [rv(v,v')rv,-l]. 

To prove that a' is an isomorphism we construct an inverse 13': E(K,vo) ~ G 
as follows. For each closed edge path r = el ... er let 13m = el ... er, 
where the right-hand side is interpreted as a product in G. If rand r 
are simply equivalent, then because of the relations of type (b), 13m = f3W). 
Therefore there is a homomorphism 13': E(K,vo) ~ G such that f3'm = 13m. 

We show that a' and 13' are inverses of each other. Given an edge path 
r = (VO,Vl)(V1.V2) ... (vr,vo), then a'f3'm = WJ, where 

r = rvo(vo,Vl)rVl-1rvl(Vl,02)rV"-1 ... rvr(vr,vo)rv;l 
- rvo(VO,Vl)(Vl,V2) ... (vr,vo)rvo-1 

Since rvo is a closed edge path in the simply connected complex T, rvo - 1 
and r - r. Therefore a'f3' is the identity on E(K,vo). 

Consider f3'a'(v,v') = f3(rv)(v,v')f3(rv,-1). Since rv and rv,-l are paths in 
T, they are products of edges in T. Hence f3(rv) and f3(rv,-1) are both equal to 
1 by relations of type (a). Therefore f3'a'(v,v') = (v,v'), and since {(v,v')} 
generate G, 13' a' = 1 on G. • 

In case K is finite, there are only a finite number of edges of K, and G 
is finitely generated. Similarly, there are only a finite number of relations of 
type (a) or (b). G is thereby represented as the quotient group of a finitely 
generated free group by a finitely generated subgroup. Hence we have the 
following corollary. 
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4 COROLLARY If K is a finite connected simplicial complex, then E(K,vo) 
is finitely presented. -

:; COROLLARY If K is a connected graph, E(K,vo) is a free group, and if T 
is a maximal tree in K, a set of generators of E<K,vo) is in one-to-one correspon­
dence with the I-simplexes of K - T. 

PROOF Consider the group C. Because of relations of type (a), we need only 
consider edges of K not in T. Every such edge e corresponds to an order of 
the vertices of some I-simplex of K - T. The relations of type (b) imply that 
the oppositely ordered edge equals e- 1 in C. Therefore the group C is gener­
ated by edges one for each I-simplex of K - T. There are no relations 
on these generators of C, for if v, 0', and v" are vertices of a simplex of K, 
then at least two of them are equal. If v = v' or v' = v", the corresponding 
relation of type (b) is the trivial relation I(v',v") = (v',v") or (v,v')1 = (v,v'). 
If v = v", the corresponding relation is (v,v')(v',v) = 1, which, in terms of 
our generators, becomes ee-1 = 1. -

6 EXAMPLE Let J = U} be a set and let X be the pOinted space which is 
the sum (in the category of pointed spaces) of pointed I-spheres {Sj1 }iEJ. 
Each Si1 can be triangulated by Sj, where Sj is a 2-simplex Sj = {vj,vj,vi'} and 
Vj corresponds to the base point of Sj 1. Then X can be triangulated by the 
complex K with vertices 

{v} U {vj,vnhJ 

and I-simplexes 

{ {v,vj} }iEJ U {{ v,vj'} }jEJ U {{ vj,vj'} }iEJ 

Let T be the maximal tree in K such that K - T consists of the collection 
{ {vj,v'f} }iEJ. By corollary 5, E(K,v) is a free group on generators in one-to-one 
correspondence with /. Therefore there is an isomorphism of 7T(X,XO), where 
xo corresponds to v, with the free group generated by /. 

7 EXAMPLE Let X be the complement in R2 of a set of p disjoint closed 
disks or points. Then X has the same homotopy type as the sum of p pointed 
I-spheres. Therefore the fundamental group of X is a free group with p 
generators. 

For connected graphs the fundamental group functor is a faithful repre­
sentation of the category of their underlying spaces and homotopy classes by 
means of groups and homomorphisms. This is summarized in the following 
theorem. 

8 THEOREM Let Kl and K2 be connected graphs and let Vo be a vertex of 
K 1. Then 

(a) Any continuous map f: IK11 ~ IK21 is homotopic to a continuous 
map f': IKll ~ IK21 such that f'(vo) is a vertex of K2. 
(b) If Vo is any vertex of K2 and h: 7T(IK11,vo) ~ 7T(IK21,vo) is an 
arbitrary homomorphism, there exists a continuous map f: (IK 11,vo) ~ 



142 POLYHEDRA CHAP. 3 

(IK21,vb) such that h = f#. 
(c) Let Vo and Vo be vertices of K2 and assume that II, h IKII ---7 IK21 
are maps such that h(vo) = Vo and fz(vo) = Vo. Then h ':':' fz if and only 
if there is a path W in IK21 from Vo to vo'such that the following triangle 
is commutative: 

PROOF Since K2 is connected, it is path connected, and (a) follows from the 
fact that the pair (IK 1 1,vo) has the homotopy extension property with respect 
to IK21 (by corollary 3.2.5). 

To prove (b), let T be a maximal tree in K 1 . Let {Sj} be the simplexes of 
Kl - T and for each i let ej = (Vj,vj) be an edge whose vertices are the 
vertices of Sj in some order. For each vertex v in Kl there is an edge path S v 

in T from Vo to v. For each i let 

Wj = Is Vj ejS;} I 
Then [Wj] E 7T(IK 1 1,vo), and by corollaries 5 and 3.6.17, the set {wd is a sys­
tem of free generators of 7T(IK 11,vo). For each j let wi he a closed path in IK21 
at vb such that h[wj] = [wj]. We define a continuous map 

f: (IK 1 1,vo) ---7 (IK 2 1,vo) 

by f( I TI) = vo, and for each i we define f I I Sj I by 

f(tvi + (1 - t)Vj) = wj(t) 

where the points of ISjl are written in the form tvi + (1 - t)Vj for t E 1. 
f is continuous because its restriction to I T I and to each ISjl is continu­
ous. Clearly, f#[Wj] = [wj] = h[wjJ; therefore f# = h. 

To prove (c), note that if fl ':':' f2' there is a path W in IK21 from 
Vo to Vo such that, by theorem 1.8.7, h# = h[wlfz#. Conversely, if h# = 
h[wlfz#, let T be a maximal tree in Kl and for each vertex v of Kl 
let Sv be an edge path in T from Vo to v. We shall define F: IKll X [ ---7 IK21, 
a homotopy from h to fz, in several stages. First we set F(x,O) = h(x) and 
F(x,l) = fz(x) for x E IK1 1. Then Fhas been defined on (IK11 X 0) U (IK11 XI). 
If v is a vertex of K1 , we defin~ F(v,t) = ((h(lsv -11) * w) * fzISvl)(t) for t E [. 
Then F(v,O) = h(v) and F(v,l) = fz(v), and F is thus defined on IK101 X [to 
be consistent with its previous definition on (IK11 X 0) U (IK 11 X 1). It only 
remains to extend F over lsi X [ for each I-simplex S E K 1 . Let v and v' be 
the vertices of S in some order. Then lsi X [ is a square with the following 
product, arbitrarily associated, as boundary 
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(l(v,v')1 X 0) * (v' X I) * (l(v',v)1 X 1) * (v X I)-I 

F can be extended over lsi X I if and only if F maps this product into a null 
homotopic path of IK21. By the definition of F, the above path is sent into a 
path homotopic to the following product associated arbitrarily 

hl(v,v')1 * (fll~v,-11 * (.0 * hl~v,1) * fzl(v',v)1 * (fzl~v-ll * (.0-1 * hl~vl) 
c::::hl(v,v')1 * fll~v,-11 * ((.0 * h(l~v'l * l(v',v)1 * l~v-ll) * (.0-1) * fll~vl 
c:::: hl(v,v')1 * f11~v,-11 * h(l~v'l * 1(v',v)1 * I~v -11) * hl~vl 

Therefore F can be extended over lsi X I, and the resulting map F: IKll X I ~ 
[Kzl will be continuous, because for each closed simplex lsi of Kl its restric­
tion to lsi X I is continuous. Then F: h c:::: fz, • 

It follows from theorem 8b that if f: (IK11,vo) ~ ([Kzl,vb) induces an iso­
morphism f#: 7T([K11,vo):::::; 7T(IKzl,vo), then there is a continuous map g: 
(IKzl,vb) ~ (IKll,vo) such that ~ = (f#)-1. By theorem 8c, it follows that 
gf c:::: l1K!1 and fg c:::: l1K21' Hence we have the next result. 

S COROLLARY Let K1 and Kz be connected graphs with Vo a vertex of K1 
and vb a vertex of Kz. A continuous map f: (IK11,vo) ~ (IKzl,vb) is a homo­
topy equivalence if and only if f induces an isomorphism f#: 7T(IK11,vo) :::::; 
7T(IKzl,vb). • 

The step-by-step extension procedure used to construct the homotopy F 
to prove theorem 8c is a standard method for constructing continuous maps 
on the space of a complex. The map is constructed on one skeleton at a time 
and extended over the next skeleton. 

8 EXAMPLES AND APPLlC."-TiONS 

This section contains assorted results concerning the fundamental group. We 
begin with some applications to the theory of free groups; in particular, we 
show that any subgroup of a free group is free. Next we consider the effect 
on the fundamental group of attaching 2-cells to a space. We use the result 
obtained to prove that any group is isomorphic to the fundamental group of 
some space. Finally, we describe how the fundamental group of a surface can 
be represented by means of generators and relations. 

If K is a simplicial complex and IX E IKI has carrier s (that is, IX E <s»), 
then for any subdivision K' of s the simplicial complex K' * IX is a subdivision 
of s (by lemma 3.3.8). It follows that a modified barycentric subdivision of K 
can be constructed whose vertices are IX and the barycenters of simplexes of 
K other than s. Therefore there is a subdivision of K having 0' as a vertex, 
and we have the following result. 
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I LEMMA If a E IKI, there is a subdivision K' of K having a as a 

vertex. • 

2 THEOREM A polyhedron is locally contractible. 

PROOF In view of lemma 1, it suffices to prove that if v is a vertex of 
a simplicial complex K, every neighborhood U of v in IKI contains a neighbor­
hood V of v deformable in U to v. Let U be a neighborhood of v and let 
A = st v. Define F: A X I ~ IKI by 

F(a,t) = tv + (1 - t)a 

Then F is a deformation of A in IKI to the point v, and F(v X I) = v E U. 
Therefore there is some neighborhood Vof v in A such that F(V X I) C U. 
Because A = st v is open in IKI, V is a neighborhood of v in IKI. Since 
F I V X I is a deformation of V in U to v, IKI is locally contractible. • 

It follows from theorem 2 that the theory of covering projections applies 
to polyhedra, and corresponding to any subgroup of the fundamental group 
of a polyhedron there is a covering projection. We show that any covering 
projection of a polyhedron corresponds to a simplicial map. 

a THEOREM Let p: X ~ X be a covering proiection, where X is a poly­
hedron. Then X is a polyhedron, of the same dimension as X, in such a way 
that p corresponds to a simplicial map. 

PROOF Assume that p: X ~ IKI is a covering projection. For any simplex 
s E K the closed simplex lsi is simply connected. It follows from the lifting 
theorem that the inclusion map lsi C IKI can be lifted to a map lsi ~ X, and 
it follows from the unique lifting theorem that two such liftings are either 
identical or have disjoint images. Hence there are as many liftings of lsi as 
sheets of X over lsi. 

Define a simplicial complex K to have the collection {p-1(V) I v is a 
vertex of K} as vertex set and to have simplexes {S}, where s = {vo, ... ,vq} 
is a simplex of K if and only if there is a simplex s = {vo, ... ,vq } in K and 
a lifting is: lsi ~ X of lsi such that h(Vi) = Vi for 0 ::;; i ::;; q [in which case 
s = p(s) and h are both unique]. Then K is a simplicial complex and has the 
same dimension as K. If 81 is a face of s, then P(Sl) is a face of p(s) and 
is IIp(sl) I = h,· Therefore the collection {fds di defines a continuous map 
f: IKI ~ X such that 

j(2:.aivi) = h(2:. aiP(Vi)) ~aivi E lsi 
Let cp: K ~ K be the simplicial map cp(v) = p(v). Then there is a commuta­
tive triangle 

JKJ~ X 
1'P1\ /p 

JKJ 


